Evdéa adpoicpato

1 Ev3¥ adeowcua ywewv Hilbert
1.1 Avo yweor
Av Hy, Hy elvan xopor Hilbert opicovue

Hl@H2;:H:{|:xl:| :[L‘Z'EHi}
T2

Me YoauWKES TIRAEELS KATA GUVTETAYUEVI KOl TO EGMTEQLKO YIVOUEVO

<[2] 7 [Z;]> = (w1, Y1), + (T2, Y2)H, -

(BnAadn ue tn vopua

-

Av T; € B(H;), 1 = 1,2, oplcovue T =T @ T» agtd th GYEon

rl]= ) =10 2 )

Elvar evkolo va el kavels 0Tl n astewkovion 71 @ Thr eivol KOAQ 0QLGUEVIL KOL YQOWULKNA.

= \/|\:c1||§{1 + Hych%,2 ), 0 Hi @ Hy elvaw yweog Hilbert.

Xprigiun Acknaon:
ITy @ Ta|| = max{|T1], [Tz} -

1.2 TIIoAMAoi xweot

Av dodel éva cgUvolo {H; : i € I} ywowv Hilbert, oynuaticovue meodTa 70 adyefpikd evdv
dipoicua

Hy:={(x;); €I :z; € Hy xow z; = 0 TTAnv sremepacuévov wandoug i € I}

Ue YOOUULKES TTRAEels katd guvtetayuévn. Opltovue eGTEQIKO YvOUEVO

(@), (i) = Y (o yivm,

el

(IMTopatneeiote OTL 6TO AYQEOGUO AVTO VITAQYOUV UWOVOV TIETTEQAGUEVO TANTJOG Un Undevikwv
0pwv.) EVkoAa eA€yyovtan ot 8LOTNTES TOV E6WTEEPIKOV yvouevou. H vépua Ttou eTtdyeTon etvon

n
1/2
I@)llo = (Z |xi|?qi> .

el



YvupoMouds Av a; € Ry ypdgouue

Zai = sup {Zai :J < 1 finite } € [0, 4o0].

iel ieJ

Ogwouds 1. To evdV ddeowsua ywewv Hilbert H = @, ; H; €ivar 10 GUvoAdo OAwV Twv
cvvapTticewy £ = (&) ue & € H; yia kdde i€ I kat Y, H&H%{i <

Acknon 1. To evdv ddpoicua H := P H; eivar wAnpng xdpos ws rpog tn vopua &), =
1/2
(ghei) -
1€l
Kde ¢ € H éxer apiuriciuo gopéa Je = {j € I : & # 0}. Emouévwg yia kdde §,m € H n
agewovion I — C : i — (&, niyn, undevicetar €é€w air’ o agrdunciuo cuvodo Je. Opigetar 1o
EGWTEQIKO YIVOUEVO

& mu = Z<€i, NivH,

iEJg
OV ETTAYEL TN VOEUQ ||| 4.

Kadde H; supurevetal ioouetpid otov H uyéow tng amwewovions H; — H : x — (x;) ogwov
x; = x0;5. To aldygBpucd evdv ddpowoua (Ho, |-|,) elvar lGoueTEIo ue évav TuKvo vIToYmwEO TOU
H.

Agrobeién tng wAnpotntag. ‘Eotw (&,) Packn akolovdia ctov H kot € > 0.

Ymdoxel no W6Te & — &mlly < € Yo kdde m,n = ng.

Av 6’” = (gn(i))iEb TO’TS an(l) - gm(l)”Hl < Hgﬂ - £mHH < € Yl K’O’Lﬂg i€l

ATtd v stAnednta tov H;, vitdeyer (i) € H; wote limy, |£(7) — §n(i)] 5, = 0 yia kdde i€ I.

INo kdBe semepacuévo J < I éxovue D). [ (7) —ﬁm(i)H?{i < én — Eml? < € yia ke m,n = ng,
o6t ey () = €017, = iman(Sicy 10(0) = 6 O) < € 6w n > no.

Toventg [§ — &l = sup {Xics 16(7) — & (i), + J S I memeq.} < €2 étav n = ny.

Avtd Selyver 6T € — &, € H doa € € H kaw 6L lim,, [§ — &, 5 = 0.

2 Ev9v ddeocua teEAEGTOV

Av doYel T; € B(H;) ywa kdVe i € I, va oploovue tedeati @), T; € B(P H;).
Oplcovue TTE®OTA

To: Hy — Hy : (z;) — (Tix;) .
Elvar kald ogwouévn agteikovion (yatt supp(Z;z;) S supp(z;)) Kol yeouwkn, aAld Sev egte-
Kktelvetow TTAVTOA GTOV H:
[Mapatripnoe 6tL av j € I kow = € H; 9€rovrag & = (xdi;); € Ho €xovue To& = (Tjxdsj)i, doa
IToE| ;7 = | Tjz| H, ondte | Tp| = |Tj]. Emouévmwe avaykaio cuvdrikn yia va eivon o Ty cuvexig
elvaw n

Sup{|Ty | sy < € I} < 0.



IIpétaon 2. Mia owkoyéveia (T;) ue T; € B(H;) opiter ppayuévo tedectri @), T; € B(P H;) mwov
eqrexteivel Tov Ty av kar uovov av sup{||T;| B, I € I} < 0. MalicTa

DT

= SUP{HTJ'”B(H].) 1jelt.
B(H)
Agodeién. 'Ecto M = sup{HQ}HB(HJ_) :jel}. Av M =+, o Ty dev elvan guvexng atov Hy,
dpa Sdev €xel guvexn eméktacn atov @ H;. Av M < +oo, toTe vy kdde = = (z;) € Ho,
2 2 2 2
|Toxlls = ) I Tiwily, < 3, M? aillyy, = M2 |zl
el el

doa o Ty elvan @eayuévog atnv ||, amod to M. Apa emektelvett Ge @EAYUEVO TeAeGTh T GTOV
@ H; ue |T| = |To| < M. Aelgope duwe mponyovuévwgs 0T |Tol| = M. O

3 Evdv ddeoicua avastaQactdeemv

"Ectw A wo C*dAyefea. 'Ecto 6Tt yia kdde i € I dideton wa avastapdctacn (m;, H;). Tote
yia kdde a € A €rovue wia owoyevela (m;(a)) @eayuévwv tedeatav m;(a) € B(H;) kar Epouue
on |mi(a)|pem,y < a4 via kdBe i. Ewouévwg sup; |mi(a)|zpg,) < |a|, omwdte pmwogovue va
oploovue:

m(a) := @iermi(a) : ®H; > ®H; : (x;) — (mi(a)z;) .

Emouévmg oplgetor wa asetkovion
m: A— B(®H;):a— 7(a)

kot |7(a)| = sup; [|mi(a)| < [a] yio kdDe a € A.

IGyveiouog: H 7 elvan wa *-avastapdotacn tng A, dnAadn yia kdde a,b e A ko A € C €xovue

Ou oxéaelc avtég eAéyyovtal TTOAY gUkoAa KaTd onueio. MAMGTA, a@oV aA@oQEOVV LGOTNTES
QEAYUEVOY TENEGTWV, OQKEl VO TS eAéygouue GTA onuelo Tou TTUKVOU VTToxwEov Hy. Ta
TTAEASELYLOL

(r(a*) (@), (wi)ym = (mi(a*)2a), () = Y (mala®)as, vy
= Z<7Tz‘(a)*3:i, YiyH;, = Z<$“ mi(a)yi)m,

(2

= (), (mi(a)yi)ym = {(z), m(a)(yi))u
= (m(a)*(x:), (yi)yr  yw ke (2;), (i) € Ho

Kol GuveTt®dg m(a*) = (7(a))*.



4 H xkodoMkn avastapdctocn
"Ectw A wa CHdAyefea. Oewpn To cUVoAo S = S(A) OAwv TV KaTacTtdoewy (states) tng A.

INo kdde ¢ € S Yewpovue tnv TEUASA GNS (74, Hy, Ep).

Ooiouog 2. H kadoMkn avasapdcotacn tng A givair n (m, H) ogov

H .= H, = , A.
¢(—GBS o kar 7(a) ¢(e49$7r¢(a) a€

Y1dyxoc: va asrodeleovue TO
Ocwpnua 3 (Gelfand-Naimark). H kadolikn avasapdcracn givar miati, 6ni. 1-1.

Emouévawg kade C*dlyefpa avasapictatal IGOUETRIKA Kol *-1GOLop@Ikd w¢ gt C* vITdA-
veBoa tng dAyefpas B(H) twv tedectav ce évav katalinido yweo Hilbert.

Xyoa Ilpémel va detgovue 6Tl yia kdde a € A\{0} 1oxVeL OTL 7(a) # 0, SNAASH Dgesmy(a) # 0.
Ico8vvaua, TeéTrel va Setfovue Tl KATTOL0G TEOGIETEOS Ty (a) Sev elval 0 UNdevIKOG TEAEGTNAG.
Apkel Aowmrév va Bpovue kAol ¢ = ¢, € S(A) date my(a)ly # 0. ‘Oung,

Img(@éslzy, = (ro(a)és, mo(@)ésyn, = (mola*a)éy, €y, = d(a*a).
Emouévwg apkel va detcovpe otL

ITeétaon 4. I'a kdde a € A\{0} vrdpyel ¢ = ¢, € S(A) wdote p(a*a) # 0.

Agtodeién. T1pooeX®G...



