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bstract

We consider the ‘classical’ Boussinesq system of water wave theory, which belongs to the class of Boussinesq systems modelling
wo-way propagation of long waves of small amplitude on the surface of water in a horizontal channel. (We also consider its
ompletely symmetric analog.) We discretize the initial-boundary-value problem for these systems, corresponding to homogeneous
irichlet boundary conditions on the velocity variable at the endpoints of a finite interval, using fully discrete Galerkin-finite

lement methods of high accuracy. We use the numerical schemes as exploratory tools to study the propagation and interactions of
olitary-wave solutions of these systems, as well as other properties of their solutions.

 2011 IMACS. Published by Elsevier B.V. All rights reserved.
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.  Introduction

We consider the so-called ‘classical’ Boussinesq system (CB)

ηt +  ux +  (ηu)x =  0,

ut +  ηx +  uux − 1

3
uxxt =  0,

(1.1)

or x  ∈  R, t  > 0, supplemented by the initial conditions

η(x, 0) =  η0(x),  u(x,  0) =  u0(x),  (1.2)

here η0, u0 are given real functions on R. The system (1.1) is a Boussinesq-type approximation of the two-dimensional
uler equations that models two-way propagation of long waves of small amplitude on the surface of an incompressible,

nviscid fluid in a uniform horizontal channel of finite depth. The variables in (1.1) and (1.2) are nondimensional and
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nscaled: x  and t  are proportional to position along the channel and time, respectively, and η(x, t) and u(x, t) are
roportional to the elevation of the free surface above the level of rest y  = 0, and to the horizontal velocity of the fluid at

 height y =  −1 + (1 +  η(x,  t)) /
√

3, respectively. (In terms of these variables the bottom of the channel is at y  = −  1.)
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The CB system is a member of a general family of Boussinesq systems derived in [11], that are approximations to the
Euler equations of the same order and written in nondimensional, unscaled variables as

ηt +  ux +  (ηu)x +  auxxx −  bηxxt =  0,

ut +  ηx +  uux +  cηxxx −  duxxt =  0,
(1.3)

where a  = (θ2−  1/3)ν/2, b  = (θ2−  1/3)(1 −  ν)/2, c  = (1 −  θ2)μ/2, d  = (1 −  θ2)(1 −  μ)/2, where ν and μ  are modelling
parameters and 0 ≤  θ  ≤  1. In the case of the CB we have μ  = 0 and θ2 = 1/3.

The CB system was formally derived from the Euler equations, in the appropriate parameter regime, in [27,29,33].
Specifically, if ε  = A/h0 and σ  = h0/λ, where A  is a typical wave amplitude, h0 is the depth of the channel and λ  a typical
wavelength, and it is assumed that ε �  1, σ  �  1, with ε = σ2 for definiteness (so that the Stoke’s number S  = ε/σ2 = 1),
appropriate nondimensionalization and scaling of the Euler equations followed by expansions in powers of ε  yield
formally that

ηt +  ux +  ε(ηu)x =  O(ε2),

ut +  ηx +  εuux − 1

3
εuxxt =  O(ε2),

in nondimensional, scaled variables, denoted again by η, u, x, t. Replacing the right-hand side of the above equations
by zero we obtain the scaled  CB  system

ηt +  ux +  ε(ηu)x =  0,

ut +  ηx +  εuux − 1

3
εuxxt =  0,

(1.4)

for x  ∈  R, t  > 0. As pointed out in [33,24], in his work in the 1870s Boussinesq derived a system very close to (1.4)
but with the term −εuxxt/3 replaced (in our notation) by εηxtt/3. In view of the lower-order relation ηt = −  ux + O(ε)
implied by (1.4), one may then derive the system in its present form, which is mathematically more tractable.

Existence and uniqueness of solution of the initial-value problem (ivp) (1.1) and (1.2) was studied by Schonbek
[30] and Amick [3]. In these papers global existence and uniqueness was established for infinitely differentiable initial
data of compact support. In [12] the theory of [30,3] was used to establish that given initial data (η0, u0) ∈  Hs×  Hs+1,
where s ≥ 1, and such that infx∈Rη0(x) >  −1, there is a unique solution (η, u), which, for any T  > 0, lies in C(0,
T ; Hs) ×  C(0, T  ; Hs+1). (Here Hs =  Hs(R) is the usual, L2-based Sobolev space of functions on R  and C(0, T  ; X)
denotes the space of functions φ = φ(t) that for each t  ∈ [0, T] have values in the Banach space X and are such that
the map [0, T] →  ‖  φ  ‖ X is continuous.) As a consequence of this global existence-uniqueness result and of the theory
in [13,2], one may rigorously formulate a precise sense in which the scaled system (1.4) is an O(ε2) approximation
to the Euler equations. Specifically, one may prove that solutions of (1.4) with suitable initial data approximate, in
appropriate norms, analogous solutions of the Euler equations, in the same scaling, with an error of O(ε2t) uniformly
for t ∈  [0, Tε], where Tε is of O(1/ε).

It is well known that the CB system possesses classical solitary-wave solutions. These are travelling wave solutions
of (1.1) of the form η(x, t) = ηs(x  + x0−  cst), u(x, t) = us(x  + x0−  cst), where x0 ∈  R  and cs is constant. The functions
ηs = ηs(ξ), us = us(ξ), ξ  ∈  R, will be assumed to be smooth, positive, even, and decaying monotonically to zero, along
with their derivatives, as ξ→  ±  ∞. Substituting into (1.1), integrating once and setting the integration constants equal
to zero, one obtains the ode’s

−csη  +  u  +  ηu  =  0,

−csu  +  η  + 1

2
u2 − cs

3
u′′ =  0,

where we have denoted ηs, us simply by η, u  and ′ = d/dξ. (We may assume that cs > 0 since if (η, u) is a solution of
this system of ode’s for some cs > 0, then (η, −  u) is also a solution propagating with speed −cs.) As opposed to the
case of a more general a  b  c  d system (1.3), wherein the resulting system of second-order nonlinear ode’s is coupled,
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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the above ode system decouples and may be written in the form

η = u

cs −  u
, (1.5a)
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−csu  + u

cs −  u
+ 1

2
u2 − cs

3
u′′ =  0.  (1.5b)

he second equation may be studied by a straightforward phase plane analysis, cf. [24,18], and yields existence and
niqueness of solitary waves for any value of cs > 1.

Solitary waves play an important role in the evolution and long-time asymptotic behavior of solutions of the ivp
1.1) and (1.2) that emanate from initial data that decays sufficiently fast at infinity. Such solutions are resolved as

 increases into series of solitary waves followed by oscillatory dispersive tails of small amplitude. This resolution
roperty has been rigorously proved by inverse scattering theory for integrable, one-way models such as the KdV
quation, and has been observed numerically in many other examples of nonlinear dispersive wave propagation, and
n particular in the case of Boussinesq systems, cf. e.g. [10,4,5,26,20,8]. It may be viewed as a manifestation of the
tability of solitary waves. It is well known, cf. e.g. [24,20], that the classical variational theory for studying orbital
tability of solitary waves does not work in the case of the Boussinesq systems, and that there does not exist yet a
igorous proof of their asymptotic stability. However, linearized ‘convective’ asymptotic stability of the solitary waves
f the CB was established in [24]. A detailed numerical study of various stability properties of the solitary waves of
he Bona-Smith family of Boussinesq systems has been carried out in [20]. (Similar numerical experiments have been
erformed by the authors of the present paper in the case of the solitary waves of the CB system, which appear again
o be asymptotically stable under a variety of perturbations.)

In this paper we shall solve numerically the following initial-boundary-value problem (ibvp) for CB: For some L  > 0
e seek η  = η(x, t), u = u(x, t) defined for 0 ≤  x ≤  L, t  ≥  0, that satisfy (1.1) for 0 ≤  x ≤  L, t  ≥  0, the initial conditions

1.2) for 0 ≤  x  ≤  L, and the boundary conditions

u(0,  t) =  u(L,  t) =  0,  t  ≥  0.  (1.6)

his ibvp has been recently analyzed by Adamy [1], who showed that it has weak (distributional) solutions (η, u) in
∞ (

R
+, L1(0,  L) ×  H1

0 (0,  L)
)

provided that η0 ∈  L1(0, L), u0 ∈  H1
0 (0,  L) with inf x∈[0,L]η0(x) > −  1. (Here H1

0 (0,  L)
enotes the subspace of H1(0, L) consisting of those elements of H1(0, L) that vanish at x = 0 and x  = L.) The proof
ollows the parabolic regularization technique of Schonbek [30]. It should be noted that (1.6) is one kind of boundary
onditions that lead to well posed ibvp’s in the case of the linearized CB system [22]. The CB system needs only two
oundary conditions (b.c.’s) for well-posedness as opposed to the four b.c.’s (for example, Dirichlet b.c.’s on η  and u  at
ach end,) required in the case of other Boussinesq systems such as the BBM-BBM [10], and the Bona-Smith systems
9]. Considering the homogeneous Dirichlet boundary conditions (1.6) may be viewed as a first step towards studying
heir nonhomogeneous analog, where u(0, t) and u(L, t) are given functions of t  ≥  0, and which would correspond to
nown measurement of the velocity variable at the two ends of a channel of finite length. This data may be used then as
oundary conditions for a numerical scheme, whose results in [0, L] may be compared with experimental values of η

nd u  in order to assess the accuracy of the CB model. This cannot be done if the numerical solution is computed with
eriodic b.c.’s. (The latter are adequate for the numerical simulation of interactions of solitary waves in the interior of
he domain but may not be used e.g. to study the interactions of solitary waves with the boundary.)

In [13], Bona et al. introduced another type of Boussinesq systems that they called completely  symmetric, obtained
rom the usual systems of the type (1.3) by a nonlinear change of variables, and having the mathematical advantage
hat their Cauchy problem is always locally nonlinearly well posed (provided the linearized system is well posed). In
ddition, solutions of their scaled analogs are O(ε2t) approximations to appropriate solutions of the Euler equations
or t  ∈  [0, Tε], with Tε = O(1/ε). The completely symmetric analog of CB is the system

ηt +  ux + 1

2
(ηu)x =  0,

ut +  ηx + 3

2
uux + 1

2
ηηx − 1

3
uxxt =  0,

(1.7)

hich we will call SB in the sequel. Its scaled analog is
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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ηt +  ux + 1

2
ε(ηu)x =  0,

ut +  ηx + 3

2
εuux + 1

2
εηηx − 1

3
εuxxt =  0.

(1.8)
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If we consider (1.7) on the finite spatial interval [0, L] with the homogeneous boundary conditions (1.6), it turns out
that the solution of the resulting ibvp satisfies the conservation property

‖η(t)‖2 +  ‖u(t)‖2 + 1

3
‖ux(t)‖2 =  ‖η0‖2 +  ‖u0‖2 + 1

3
‖u′0‖2,  (1.9)

for t ≥  0, which simplifies the study of its well-posedness and the estimation of the errors of its numerical approxima-
tions, cf. [7]. The SB system has solitary waves, that are solutions of the ode’s

η = 2u

2cs −  u
, (1.10a)

−csu  +  η  + 3

4
u2 + 1

4
η2 − cs

3
u′′ =  0.  (1.10b)

In the paper at hand we shall study, by numerical means, various properties of the solutions of the CB and the SB
systems, paying particular attention to simulations of the generation, propagation, and interactions of their solitary
waves. Numerical simulations of solitary wave interactions of the CB system were also performed with spectral methods
in [25,26], and with finite element methods in [4,5]. (For numerical work on other Boussinesq systems of the type (1.3)
we refer the reader to e.g. [25,10,6,4,26,23,15,16,20].) It should be noted that the CB system has been extensively used
in the engineering fluid mechanics literature for dispersive, nonlinear wave modelling and computations, starting with
the pioneering papers of Peregrine [27,28].

In Section 2 of the paper at hand we describe the numerical scheme that will be used in our simulations. We consider
the ibvp’s for CB and SB with the homogeneous boundary conditions (1.6) and we discretize them in space using
the standard Galerkin-finite element method with continuous, piecewise linear functions and cubic splines. (In the
computations of Section 3 we use cubic splines.) The resulting semidiscrete systems of ode’s are discretized in the
temporal variable using the classical, explicit, four-stage Runge–Kutta scheme of order four. It turns out that these ode
systems are mildly stiff, so that a condition of the form k  = O(h) is needed for stability, where k  is the time step and h
the spatial meshlength. This stability condition is not severe and it allows using an explicit time-stepping procedure,
thus avoiding the more costly implicit methods that require solving nonlinear systems of equations at each time step.

The error analysis of these numerical schemes is of considerable interest due to the loss of optimal order of accuracy
in the discretization of the ‘hyperbolic’ first p.d.e. of the systems (1.1) or (1.7) on a finite interval in the presence
of non-periodic boundary conditions. (The loss of optimal order of accuracy in standard Galerkin approximations of
first-order hyperbolic problems is well known, cf. e.g. [21].) In our case, the facts that the other pde of both systems has
the dispersive term −uxxt, and that u vanishes at the endpoints of [0, L] help us to prove, in the case of uniform spatial
meshlength h, improved error estimates e.g. of the form max0≤t≤T ‖η(t) −  ηh(t)‖  ≤  Ch3.5√ln 1/h, max0≤t≤T ‖u(t) −
uh(t)‖  ≤  Ch4√ln 1/h, where ηh, uh are the standard Galerkin cubic spline semidiscrete approximations to η, u,
respectively, ‖· ‖  denotes the L2 norm on [0, L], and C  is a constant independent of h. In Section 2 we state this and
other error estimates for our numerical schemes; their proofs will appear elsewhere, but the interested reader may
consult [7].

In Section 3 we present the results of numerical experiments that we performed using the cubic spline – Runge–Kutta
fully discrete scheme as an exploratory tool for investigating various properties of solutions of CB and SB. In several
numerical experiments involving solitary waves and their interactions, we compute on fairly large spatial intervals [0,
L] so that there are no unwanted interactions with the boundaries. In Section 3.1 we study the resolution into solitary
waves propagating in both directions emanating from an initial Gaussian ‘heap’ of water, and make some remarks on
the number of solitary waves that are produced. We recall the process of iterative ‘cleaning’ used to generate solitary
waves numerically [10,20], and find analytic relations between the speed cs and the amplitude As of solitary waves for
CB and SB.

In Section 3.2 we study numerically head-on collisions between solitary waves of equal and unequal height for both
systems. The results are qualitatively the same as those observed in similar numerical experiments in the case of other
Boussinesq systems and the Euler equations [10,8,19]. For both CB and SB there seems to occur a slight, permanent
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

loss of height of the solitary wave of larger amplitude after the interaction. In Section 3.3 we turn to overtaking
collisions of solitary waves travelling in the same direction. Such collisions have been studied in detail for one-way
models numerically, and by the inverse scattering transform in the integrable case. The results in the case of CB and
SB qualitatively agree with those of similar interactions of solitary waves of other Boussinesq systems, including the
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ppearance of a large-wavelength, small-amplitude, dispersive wavelet that travels in a direction opposite to that of the
otion of the solitary waves.
In Section 3.4 we study numerically what happens when a solitary wave of the CB or the SB system collides with the

oundary point, say at x  = L, where u = 0 holds. Although the condition ηx = 0 is not imposed as a boundary condition
n the pde system or the numerical scheme, it appears that the numerical approximation of ηx(L, t) tends to zero as

 →  0. Hence, in the case of this type of Boussinesq systems as well, it appears that reflection of a solitary wave from
 vertical wall (where only u = 0 is imposed now) is equivalent to (one half) of the head-on collision of the solitary
ave with its symmetric image of opposite velocity, at the center of which ηx = 0 and u  = 0 hold due to symmetry.
In Section 3.5 we present the results of numerical experiments indicating that solutions of the ibvp’s for the CB and

B systems with the boundary conditions (1.6) may blow up in finite time provided the initial conditions are suitable
arge, but still satisfy 1 + η0 > 0 on [0, L]. Thus, it appears that although the Cauchy problem for these systems is well
osed in classes of functions that decay fast enough at infinity, solutions of the ibvp on a finite interval may develop
ingularities in finite time, something which is not precluded by the existing well-posedness theory [1]. Finally, in
ection 3.6 we compare solutions of the ibvp’s for the scaled  CB and SB systems for appropriate initial data and small
alues of the parameter ε, as t  grows, in order to test the consistency of the theory of [13,2] (which is properly valid
or the Cauchy problem) in the case of a finite interval under the b.c.’s (1.6).

Preliminary results of some numerical experiments included in this paper originally appeared in [4,5].

. Numerical  schemes

For the convenience of the reader we rewrite here the ibvp’s that will be solved numerically. In the case of the CB
ystem, we seek η  = η(x, t), u  = u(x, t) for 0 ≤  x  ≤  L, t  ≥  0, such that

ηt +  ux +  (ηu)x =  0,

ut +  ηx +  uux − 1

3
uxxt =  0,

0 ≤  x  ≤  L,  t ≥  0,

η(x, 0) =  η0(x),  u(x,  0) =  u0(x),  0 ≤  x  ≤  L,

u(0, t) =  u(L,  t) =  0,  t ≥  0,

(2.1)

here η0, u0 are given real functions on [0, L] with u0(0) = u0(L) = 0. The analogous ibvp for the SB system is

ηt +  ux + 1

2
(ηu)x =  0,

ut +  ηx + 3

2
uux + 1

2
ηηx − 1

3
uxxt =  0,

0 ≤  x  ≤  L,  t ≥  0,

η(x, 0) =  η0(x),  u(x,  0) =  u0(x),  0 ≤  x ≤  L,

u(0, t) =  u(L,  t) =  0,  t ≥  0.

(2.2)

e shall assume that these systems possess unique solutions in some temporal interval [0, T], which are smooth enough
or the purposes of the proofs of the error estimates that will be stated in the sequel.

Let h > 0 and xi = ih, i  = 0, 1, . .  ., N, where N  is a positive integer such that Nh  = L. We consider the finite-dimensional
pace of continuous piecewise linear functions relative to the partition {xi}  of [0, L], i.e. the space

S2
h =  {φ  ∈  C[0,  L] : φ|[xi,xi+1] ∈  P1,  0 ≤  i  ≤  N  −  1},

nd let S2
h,0 :=  S2

h ∩  H1
0 (0,  L). In addition, we let S4

h denote the space of smooth cubic splines associated with {xi},
.e. put

S4
h =  {φ  ∈  C2[0,  L] : φ|[xi,xi+1] ∈ P3, 0 ≤  i  ≤  N  −  1},
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

nd S4
h,0 :=  S4

h ∩  H1
0 (0,  L). (Here Pk are the polynomials of degree at most k.) We will use the notation Sh =  Sm

h ,

h,0 =  Sm
h,0 for m  = 2 or 4 as the case may be. We let (·  , ·) denote the L2 inner product on [0, L] and ‖·  ‖  the associated

orm. For φ, χ  ∈ H1(0, L) we let a(φ, χ) = (φ, χ) + (φ ′ , χ ′)/3.

dx.doi.org/10.1016/j.matcom.2011.09.006
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The standard Galerkin semidiscretization of the CB system is defined as follows. We seek ηh : [0, T] →  Sh, uh : [0,
T] →  Sh,0 satisfying for 0 ≤  t ≤  T

(ηht,  φ) +  (uhx,  φ) + ((ηhuh)x, φ
) =  0 ∀φ  ∈  Sh,

a(uht,  χ) +  (ηhx, χ) +  (uhuhx, χ) =  0 ∀χ  ∈  Sh,0,
(2.3)

where ηh(0) ∈  Sh, uh(0) ∈ Sh,0 are approximations of η0, u0, respectively. We usually take, in the case m  = 2 of piecewise
linear functions ηh(0) = Ihη0, uh(0) = Ih,0u0, where Ih, Ih,0 are the interpolant operators onto Sh, Sh,0, respectively, and
in the case m  = 4 of cubic splines ηh(0) = Jhη0, uh(0) = Rhu0, where Jh is the interpolant onto S4

h and Rh is the elliptic
projection operator onto S4

h,0, defined for v  ∈ H1
0 [0,  L] by a(Rhv,  φ) =  a(v,  φ) ∀φ  ∈ S4

h,0.
The analogous semidiscretization of the SB system is defined for 0 ≤  t ≤  T  as

(ηht,  φ) +  (uhx,  φ) + 1

2

(
(ηhuh)x, φ

) =  0 ∀φ  ∈  Sh,

a(uht,  χ) +  (ηhx, χ) + 3

2
(uhuhx,  χ) + 1

2
(ηhηhx, χ) =  0 ∀χ  ∈  Sh,0,

(2.4)

with the same initial conditions. It is easy to see that the solution of (2.4) satisfies the discrete analog of (1.9). It is
shown in [7] that the ode systems represented by (2.3) and (2.4) have unique solutions for t ∈  [0, T] and that they satisfy
the following L2-error estimates.

In the case m  = 2 of piecewise linear functions:

max
0≤t≤T

‖η(t) −  ηh(t)‖  ≤  Ch3/2, max
0≤t≤T

‖u(t) −  uh(t)‖  ≤  Ch2.  (2.5)

In the case m  = 4 of cubic splines:

max
0≤t≤T

‖η(t) −  ηh(t)‖  ≤  Ch3.5

√
ln

1

h
,  max

0≤t≤T
‖u(t) −  uh(t)‖  ≤  Ch4

√
ln

1

h
. (2.6)

Here C  is a generic constant depending on u, η  and T but not on h. We refer the reader to [7] for other error estimates
and their proofs.

Some remarks are in order: The estimate for η  − ηh in (2.5) is not of optimal order; one would expect an O(h2)
error bound. However the O(h3/2) bound is sharp as numerical experimentation suggests. In the case at hand of the
ibvp’s (2.1) and (2.2) for our systems, the facts that u  vanishes at x = 0 and L, the presence of the nice dispersive term
−uxxt in the second-listed p.d.e., and the use of the uniform meshes allow us to take advantage of suitable cancellation
properties in some error terms and prove the estimates in (2.5). In the case of cubic splines we obtain some further
improvement as well.

We turn now to full discretizations of the semidiscrete problems (2.3) and (2.4). Since only the cubic spline spatial
discretization will be used in the numerical experiments of the next section, we shall confine ourselves to the case m  = 4.
To match the spatial high order of accuracy we use a fourth-order accurate ode solver, namely the explicit, four-stage,
classical Runge–Kutta method, which for the ode ivp y ′ = F(t, y), 0 ≤  t ≤  T, y(0) = y0, and uniform time step k, where
Mk = T  for some positive integer M, approximates y(tn) at tn = nk  by yn given by the scheme

yn,1 =  yn,  tn,1 =  tn

for i =  2,  3,  4 :

yn,i =  yn +  kaiF (tn,i−1,  yn,i−1),  tn,i =  tn +  τik

yn+1 =  yn +  k

4∑
j=1

bjF (tn,j, yn,j),
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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where a2 = a3 = 1/2, a4 = 1, τ2 = τ3 = 1/2, b1 = b4 = 1/6, b2 = b3 = 1/3. The implementation of this method in the case of
the semidiscrete systems (2.3) and (2.4) is straightforward and the resulting fully discrete schemes require computing
right-hand sides and solving four linear systems with the same time-independent matrix (φi, φj) and four with a(χi,
χj), where {φi}, {χi}  are the usual, minimal support bases of S4

h, S4
h,0, respectively, obtained using the B-splines.

dx.doi.org/10.1016/j.matcom.2011.09.006
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It turns out that the o.d.e. systems represented by (2.3) and (2.4) are only mildly stiff. In [7] we prove that for the
ully discrete approximations Hn

h , Un
h , 0 ≤  n  ≤  M, of the solutions η  and u  of either problem (2.1) or (2.2) we have e.g.

max
0≤n≤M

‖η(tn) −  Hn
h‖ ≤  C

(
k4 +  h3.5

√
ln

1

h

)
,

max
0≤n≤M

‖u(tn) −  Un
h‖∞ ≤  C

(
k4 +  h3.5

√
ln

1

h

)
,

rovided e.g. that H0
h =  ηh(0), U0

h =  uh(0) and k/h  is sufficiently small. The latter mesh condition is required for the
tability of the explicit fourth-order Runge–Kutta scheme. Lower-order explicit time-stepping methods such as the
uler or the improved Euler scheme require stability conditions of the form k = O(h2), k  = O(h4/3), respectively.

. Numerical  experiments

In this section we present a series of numerical experiments illustrating the behavior of solutions of the ‘classical’
oussinesq system CB and its symmetric counterpart SB in some examples of interest. Unless otherwise stated, we

olve throughout the ibvp’s (2.1) and (2.2) numerically, using the standard Galerkin method with cubic splines on a
niform mesh for the spatial discretization and the classical, four-stage, fourth-order RK scheme for the time-stepping.
s was mentioned in Section 1, solitary-wave solutions of the systems are of major interest, and we shall begin by

onsidering issues of their construction and generation.

.1. Construction  and  generation  of  solitary  waves

As a consequence of the formulas (1.5) that define the solitary waves of CB, one may derive in a straightforward
ay the following relation between the maximum amplitude As of the η-solitary wave and its speed cs:

cs =
√

6(1 +  As)√
3 +  2As

·
√

(1 +  As) log(1 +  As) −  As

As

. (3.1)

his is a consequence of (1.5a,b): Multiplying (1.5b) by u′, using (1.5a), and integrating we find

1

6
u3 − cs

2
u2 − cs

6
(u′)2 −  u  +  cs ln

cs −  u

cs

=  0.

utting As =  maxξ∈Rη(ξ) =  η(0), Bs =  maxξ∈Ru(ξ) =  u(0), we conclude from (1.5a) and the above that

B3
s −  3csB

2
s −  6Bs −  6cs ln

cs −  Bs

cs

=  0,

As = Bs

cs −  Bs

,

(3.2)

rom which (3.1) follows. In the case of SB we find from (1.10a,b), in a similar manner, that

cs =  1 + As

2
,  Bs =  As. (3.3)

ence, in the case of SB we retrieve the speed-amplitude relationship of the one-way models KdV or BBM. In Fig. 1 we
ompare the graphs of cs as a function of As for CB and SB with the formula cs =

√
1 +  As predicted by Scott Russell

31], on the basis of his experimental observations. Apart from their theoretical importance, the formulas relating cs,
s and Bs are useful for checking the accuracy of numerical approximations of solitary waves.

As was mentioned in Section 1, arbitrary initial data that decays suitably at infinity, apparently resolves itself
n sequences of solitary waves plus small oscillations. To illustrate this, CB was integrated with initial conditions

2

Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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0(x) = exp (−  0.05x ), u0(x) = 0 on [−  300, 300] with h  = 0.2, k = 0.02. As Fig. 2 shows, the initial profile divides
nto two symmetric wavetrains that travel in opposite directions. By t = 200 each of these wavetrains has formed three
olitary waves followed by small-size, oscillatory dispersive tails. The number of the solitary waves N  in each wavetrain
ncreases with the size of the initial data, as Table 1 shows, in which N  is recorded at t = 200 for various pairs (A, β)
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Fig. 1. Speed cs of η-solitary waves as a function of their amplitude As, — CB, ·· · · · SB, −· − · − Scott Russell’s prediction.

Fig. 2. Resolution of initial data into solitary waves and two-way propagation. CB with η0(x) = exp (− 0.05x2), u0(x) = 0.

dx.doi.org/10.1016/j.matcom.2011.09.006
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Table 1
Number of solitary waves N that have emerged by t = 200 in each wavetrain. CB with η0(x) = A exp (− βx2), u0(x) = 0.

A 0.3 0.3 0.5 0.5 1.0 1.0 10
β

N

f
t
r
w

b
p
t
t
s
a

i

a
a
h
l
t

F
η

 0.2 0.05 0.2 0.05 0.2 0.05 1/16
 1 1+ 1 2 1+ 3 8+

or initial values of the form η0(x) = A  exp (−  βx2), u0(x) = 0. (1+ means that a second solitary wave appears to be in
he process of being formed.) The value of N  for this type of initial data appears to be proportional to

∫ √
η0∼
√

A/β,
eminiscent of the analogous growth of N  in the case of the integrable, one-way KdV equation [33]. If SB is integrated
ith the same initial data, a similar resolution into solitary waves is observed.
As there are no explicit formulas for the solitary waves of CB or SB, highly accurate approximations thereof should

e constructed for the purpose of studying their interactions. This may be done by isolating the larger solitary waves
roduced by long-time simulations of solitary-wave resolution from suitable initial data, after they have separated from
he rest of the solution, and then by ‘cleaning’ them by an iterative process, cf. e.g. [10,20], or by solving numerically
wo-point boundary-value problems for the second-order o.d.e. in (1.5b) or (1.10b). A detailed study of the accuracy of
uch procedures has been done elsewhere, cf. e.g. [20], and will not be repeated here. As an example we show in Fig. 3(a)
n approximate η-solitary wave of CB that was produced by iterative ‘cleaning’ after two iterations, starting from an

nitial profile given by η0 = 0.3 sech2
(√

0.3(x  −  50)/2
)

, u0 =  2(
√

η0 +  1 −  1) on [0, 600] with h  = 0.1, k = 0.01. The

mplitude of the noise behind the wave is of O(10−12). The solitary wave that is produced has amplitude 0.423582
nd speed 1.18112. Note that if we repeat the ‘cleaning’ experiment with a finer mesh (cf. Fig. 3(d), obtained with
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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 = 0.025, k = h/10,) the shelf behind the numerical solitary wave disappears and the noise is reduced to roundoff error
evel. We have checked that the numerical solitary waves used in the numerical simulations that will be presented in
he sequel of this paper propagate, over the temporal intervals of the various experiments, with amplitudes that remain

ig. 3. η-solitary wave of CB produced by iterative ‘cleaning’ of the larger solitary wave emerging from the evolution of

0 = 0.3 sech2
(√

0.3(x − 50)/2
)

, u0 = 2(
√

η0 + 1 − 1).

dx.doi.org/10.1016/j.matcom.2011.09.006


ARTICLE IN PRESS+Model
MATCOM-3711; No. of Pages 24

10 D.C. Antonopoulos, V.A. Dougalis / Mathematics and Computers in Simulation xxx (2011) xxx–xxx

Table 2
Head-on collision of η-solitary waves, CB and SB systems, →: waves travelling to the right, ←: waves travelling to the left. Shown are the amplitude
(A) and speed (c) before and well after the interaction (t = 150), the magnitude of the phase shifts of the emerging waves at t = 150, and the maximum
amplitude of η during the collision.

System Before After Maximum amplitude

→ ← → ←
A c A c A c ph.shift A c ph.shift

CB 0.801321 1.30567 0.423582 1.18112 0.801211 1.30565 0.3044 0.423604 1.18114 0.3916 1.324023
CB 0.423582 1.18112 Symmetric 0.423577 1.18112 0.3041 Symmetric 0.908484
SB 0.806471 1.40324 0.400551 1.20028 0.806218 1.40309 0.2818 0.400326 1.20016 0.4858 1.331908
SB 0.400551 1.20028 Symmetric 0.400496 1.20025 0.3028 Symmetric 0.866353
constant to six digits and speeds that are constant to five digits, radiate dispersive tails of a maximum amplitude of
O(10−10), and their (cs, As) values lie exactly on the CB or SB curves of Fig. 1, as the case may be.

3.2. Head-on  collisions  of  solitary  waves.

Systematic numerical studies of interactions of two solitary waves that travel in opposite directions and collide
head-on were performed in the case of Boussinesq systems of the BBM-BBM type in [10] and of the Bona-Smith
family in [8], and in the case of the Euler equations in [19]. Here, we would like to point out some features of this
type of interaction for solitary waves of the CB and SB systems. All of our experiments were performed on [0, 600]
with h  = 0.1, k  = 0.01. The initial solitary waves were constructed by iterative ‘cleaning’ with initial η-pulses that were
nonnegative and centered sufficiently far from each other, with initial velocity profile of opposite signs.

In our first experiment, a solitary wave of CB with initial η-amplitude A1 = 0.801321 and speed c1 = 1.30567 travels
to the right and collides at t  = 50 with a leftward-travelling solitary wave of initial amplitude A2 = 0.423582 and speed
c2 = 1.18112. After they collide, the solitary waves emerge largely unchanged and continue travelling in their respective
directions, see Fig. 4(a)–(c). The collision is inelastic, as small-amplitude oscillatory dispersive tails are produced during
the interaction and subsequently follow the solitary waves. These dispersive tails are just discernible in Fig. 4(c) and
are shown in magnification in (d). They are an integral feature of the interaction and not an artifact of the numerical
solution, as they do not change when the computation is repeated with smaller h  and k. (The numerical noise level for
this experiment stays well below 10−10.) After the interaction, the large solitary wave emerges with a slightly smaller
amplitude A1

′ = 0.801211 and speed c1
′ = 1.30565, while the smaller one stabilizes at an amplitude A2

′ = 0.423604
and speed c2

′ = 1.18114. Fig. 4(e) shows the maximum amplitude of η  as a function of t for 0 ≤  t  ≤  180. The maximum
height that the wave elevation achieves during the collision is equal to 1.324023 which is about 8.1% larger than the
sum of the heights of the two solitary waves before the interaction. The temporal transition of the maximum amplitude
to its eventual long-time level A1

′ is non-monotonic, cf. Fig. 4(f). Fig. 4(g) shows the paths of the two solitary waves
in the x, t plane around the time of interaction. The solid lines are the actual paths, while the dotted lines represent
the paths in the absence of an interaction. Both waves suffer phase shifts opposite to the directions of their motion.
At t = 150 these shifts are equal to 0.3044 spatial units for the large solitary wave and 0.3916 for the small one. The
main quantitative data of this and of subsequent collision experiments are summarized in Table 2. The second line of
this table corresponds to the head-on collision of two η-solitary waves of CB of equal heights and opposite speeds.
The solitary waves emerge with very slightly smaller amplitudes, the other details of the interaction being analogous
to those of Fig. 4. Fig. 5 shows some graphs from the head-on collision of two η-solitary waves of the SB system,
whose parameters before and after the interaction are shown in the third line of Table 2. The general picture is similar
to that of the analogous interaction in the case of CB, but there are differences such as the larger size of the dispersive
tails and the monotonic decrease of the maximum amplitude of the solution to its asymptotic value A ′. Finally, the
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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1
parameters of a head-on collision between η-solitary waves of SB of equal size are shown in the last line of Table 2.
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Fig. 4. Head-on collision of two η-solitary waves of CB. (a) η(x, t) at t = 20, (b) η(x, t) at t = 50, (c) η(x, t) at t = 140, (d) dispersive tails, t = 140, (e)
maximum amplitude of η as a function of t, (f) magnification of (e), (g) paths of the solitary waves in the x,t plane.
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Fig. 5. Head-on collision of two η-solitary waves of SB. (a) η(x, t) at t = 140, (b) dispersive tails at t = 140, (c) magnification of maximum amplitude
of η as a function of t, (d) paths of the solitary waves in the x, t plane.

3.3.  Overtaking  collisions

We describe now overtaking  collisions of two solitary waves propagating in the same direction. This type of
interaction has been studied in depth in the case of one-way models as is well known. See also [8] for a numerical
study in the case of Boussinesq systems of the Bona-Smith family and [19] for the Euler equations. The numerical
experiments to be described in the sequel were performed on [0, 1200] using periodic boundary conditions and h = 0.1,
k = 0.01.

An overtaking collision of two η-solitary waves of CB is depicted in Fig. 6. Two solitary waves of initial η-
amplitudes A1 = 0.801321, A2 = 0.423582, and speeds c1 = 1.30567 and c2 = 1.18112, initially centered at x  = 549.717
and at x  = 629.658, respectively, travel to the right, wrap around the boundary at x = 1200 due to periodicity, and
interact from about t  = 550 to t = 700 as the larger and faster wave overtakes the smaller and slower one. The emerging
larger solitary wave has (at t = 850) an amplitude A1

′ = 0.801320 and speed c1
′ = 1.30565 while the smaller one has

A2
′ = 0.423584, c2

′ = 1.18115. Fig. 7 shows several instances of the overtaking interaction (with the x-axis much
magnified) in the temporal interval 605 ≤  t ≤  620. We observe that the two peaks are always present, one diminishing
and the other growing; they become equal in height attaining a common value of 0.573604 at t = 614.3. (Contrast this
to the case of head-on collision, where the two interacting solitary waves momentarily merge into a single pulse, cf.
Fig. 4(b).) Note that the minimum amplitude during the interaction stays above the height of the smaller solitary wave.
(Fig. 8(b) shows the graph of max xη(x, t) as a function of time for 0 ≤  t ≤  900.)

Both waves undergo phase changes during the interaction, cf. Fig. 8(a): The larger wave is pushed forward while the
smaller one is delayed. The overtaking collision is inelastic. As depicted in the plots of Fig. 9, which show details of
the solution towards the end of the interaction with the η-axis much magnified, two types of dispersive small-amplitude
oscillations are produced: A dispersive tail of small wavelength, decaying oscillations that travel to the right following
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

the solitary waves, and a N-shaped ‘wavelet’ of very large wavelength and small amplitude that travels to the left. This
picture is in good qualitative agreement with analogous observations in [19,8], in the context of the Euler equations and
the Bona-Smith Boussinesq systems, respectively. (The ‘wavelet’ was first identified by Su and Zou [32], in the course

dx.doi.org/10.1016/j.matcom.2011.09.006


ARTICLE IN PRESS+Model
MATCOM-3711; No. of Pages 24

D.C. Antonopoulos, V.A. Dougalis / Mathematics and Computers in Simulation xxx (2011) xxx–xxx 13

o
b
a
i
t
A
p
t
a
s

s
a

Fig. 6. Overtaking collision of two η-solitary waves of CB.

f their investigation of overtaking collisions of solitary waves of the Euler equations. Their numerical model was
ased on a single, Boussinesq-type equation with an ∂xxtt fourth-order term, which is derived from CB under a one-way
ssumption.) As the plots in Fig. 10 show, the wavelet is dispersive. At the time instance t = 900 of the evolution shown
n Fig. 9, the time clock is set to zero and the wavelet is cut off the rest of the solution (which is set equal to zero in
he interval [244.3, 675]) and left to propagate to the left. At t = 700, the profile of the wavelet is shown in Fig. 10(a).
s the wavelet moves, its shape and speed are slowly changing: Fig. 10(b) shows that the amplitude of its positive (+)
eak is decreasing, while the absolute amplitude of the negative (−) peak is increasing with time. While Fig. 10(c),
hat depicts the paths of the two peaks in the t, x plane, would seem to suggest that the speeds of the peaks are equal
nd constant, actually this is not the case in view of Fig. 10(d) in which the distance of the two paths is seen to be
lowly increasing.

The details of the overtaking collision of two solitary waves of the SB system are qualitatively the same. For initial
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

olitary waves of the same magnitude, the sizes of the dispersive tail and of the wavelet are about double those of the
nalogous quantities of the CB.
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Fig. 7. Details of the overtaking collision of two η-solitary waves of CB of Fig. 6.

3.4.  Interaction  of  solitary  waves  with  the  boundary

When a solitary wave of the CB or the SB systems hits a boundary point at which the condition u = 0 has been
prescribed, it is observed that the wave is reflected backwards while a dispersive tail is formed and follows the reflected
wave. This is illustrated in Fig. 11, wherein the solitary wave produced by iterative cleaning, as described in Section 3.1,
and whose η-component is shown in Fig. 3, has travelled to the right, hit the boundary at x  = 600 at about t = 455, has
been reflected backwards, and is observed travelling to the left, followed by a dispersive tail in the pairs of Fig. 11(a)
and (b), and (c) and (d), at t = 500 and t = 550, respectively. In Fig. 11(e) we plot max xη(x, t) and observe in (f) that the
reflected pulse after a momentary dip regains an amplitude which stabilizes eventually to the value 0.423577. The paths
of the incident and the reflected wave in the x, t  plane are shown in Fig. 11(g) (note the delay during the interaction at
the boundary), while Fig. 11(h) shows the graph of the speed of the pulse as a function of time (with negative values
for the reflected wave). The speed of the reflected pulse stabilizes to a value that is measured to be equal to 1.81112
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

in absolute value. Thus, it is apparent that the incident solitary wave is reflected backwards forming a new, slightly
smaller solitary wave which is followed by a dispersive tail. An analogous experiment with the symmetric system SB
shows that an incident solitary wave of η-amplitude 0.400551 and speed 1.20028 produces a reflected solitary wave

Fig. 8. Overtaking collision of Fig. 6: (a) paths of the solitary waves in the x,t plane, (b) max xη(x, t).
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Fig. 9. Dispersive tail and wavelet produced during the overtaking collision of Fig. 6.

hose amplitude monotonically decreases to 0.400496 and whose speed in absolute value is 1.20025. The dispersive
scillations are now of larger amplitude.

In the case of ideal fluids, the normal reflection of a solitary wave of elevation from a wall is equivalent to (one-half)
f the head-on collision of the solitary wave with its image of equal height and opposite velocity, provided there is
o loss of symmetry in the latter interaction [17]. This equivalence has been observed in numerical simulations of
olitary wave interactions of one-dimensional models for two-way long wave propagation, for example in the case of
he Bona-Smith family of Boussinesq systems [8]. The wall reflection boundary conditions for that family of systems
re ηx = 0 and u = 0. By symmetry, these conditions hold at the center of the head-on collision of two solitary waves
f equal height; one cannot observe any differences in the numerical simulations of a reflected solitary wave and the
ave emerging from a head-on collision with its image.
In the case of the CB or the SB system at hand, the boundary condition that is sufficient for well-posedness (and is

mposed by the numerical scheme) is just u  = 0. On the other hand, we expect that at the center of the head-on collision
e will have u  = 0 and ηx = 0. The question arises whether ηx = 0 holds at the reflection boundary.
We investigate this problem numerically in the case of the CB system. In Fig. 12(a), we show, in magnified form

ear the boundary point x  = 300, where u = 0 is prescribed, the base of the reflected η-solitary wave and the trailing
ispersive tail at t  = 73.25. (Initially, the solitary wave was the one produced by iterative cleaning and shown in Fig. 3.
entered initially at approximately x  = 234.62, it travels to the right and starts to interact with the wall at about t  = 50.
he computation of the evolution shown in Fig. 12 was done on [0, 300] with h = 0.05, k  = h/10.) On this reflected
rofile we have superimposed another curve, the numerical approximation of the leftward-travelling wave emerging
rom the head-on collision of the initial solitary wave with its symmetric (with respect to x  = 300) image of opposite
elocity, initially located outside the domain. There is no observed difference within graph thickness, and this persists
cf. Fig. 12(b) and (d)) to at least t  = 175 when the run was terminated. (Note the change of vertical scale in Fig. 12(c)
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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nd (d).)
In order to investigate matters more closely we computed ηx at x  = 300 as a function of t  for the reflected wave and

he wave emerging from the head-on collision. The results are shown in Fig. 13. The left-hand side graph depicts the
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Fig. 10. Wavelet produced by the overtaking collision of Figs. 6 and 9. (a) Wavelet at t = 700 after its cleaning, (b) absolute value of the peaks of

the wavelet as function of t, (c) paths of the peaks in the t, x plane, (d) distance of peaks as function of t.

function ηx(300, t) for 0 ≤  t ≤  150 for the solitary wave emerging from the head-on collision with center at x  = 300. As
expected, due to the symmetry of the interaction, its magnitude is very small (of O(10−13)). On the other hand, the order
of magnitude of the amplitude of the same function (right-hand graph of Fig. 13) for the reflected wave is of O(10−6).
We computed the quantity ηx(300, t) for the reflected wave at various values of t as a function of diminishing h  (with
k = h/10) and obtained the results shown for t  = 55 and t = 100 in Table 3. (The computation for h  = 0.025 on [0, 300],
which includes the iterative cleaning of the initial solitary wave, is very hard and time consuming.) As h  ↓ 0 it appears
that approximately |ηx(300)| = O(h3) for all values of t  that we tested. (Note that the expected order of magnitude of the
W1,∞ error of the Galerkin method with cubic splines for this problem is O(h2). Hence, we have here a superaccuracy
phenomenon.) We conclude that although the numerical scheme does not satisfy the condition ηx = 0 at the wall, it is
able to sense that the reflected wave has this property and it approximates it well as h  ↓  0.

We should of course add that all this discussion pertains to reflection of solitary-wave like pulses. For other types
of initial profiles satisfying ηx = 0 and u  = 0 at the boundaries, only the imposed boundary condition u  = 0 persists for
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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t > 0.

Table 3
|ηx(300, t)| at t = 55 and t = 100 as h ↓ 0, CB.

h t = 55 t = 100

|ηx(300)| Order |ηx(300)| Order

0.1 4.98693(−5) 1.50532(−5)
0.05 6.28694(−6) 2.988 1.96258(−6) 2.939
0.025 7.87455(−7) 2.997 2.50019(−7) 2.973
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Fig. 11. Interaction of a CB solitary wave with the boundary at x = 600. (η-profiles) (a) The reflected wave at t = 500, (b) magnification of (a), (c)
reflected wave at t = 550, (d) magnification of (c), (e) max xη(x, t), (f) magnification of (e), (g) paths of incident and reflected wave in the x, t plane,
(h) speed cs as a function of time.
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Fig. 12. Reflected η-solitary wave from the wall at x = 300 (where u = 0) superimposed on one half of the wave emerging from the associated head-on
collision. CB system.

3.5.  Blow-up  of  solutions  in  finite  time

We observed that numerical solutions of the ibvp’s (2.1) or (2.2) may apparently blow up in finite time when the
initial data are suitably large. (In contrast with the global well-posedness theory of the Cauchy problem for the CB
system, wherein suitable decay conditions at infinity on the initial data ensure existence and uniqueness of smooth
solutions for all t  > 0, the existing well-posedness theory for the ibvp (2.1) [1], does not preclude possible loss of
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

regularity of solutions in finite time.) This is illustrated in Fig. 14. The ibvp (2.1) is integrated numerically on the
spatial interval [0, 1] with h  = 10−3, k = h/10, and initial conditions η0(x) = 0.9 sin (2πx), u0(x) = 5x(x  −  1), 0 ≤  x  ≤  1.
The large, negative initial velocity imparted to the wave pushes it to the left boundary, where it is reflected rightwards

Fig. 13. The function ηx(300, t) for 0 ≤ t ≤ 150 for the reflected solitary wave (right) and the wave emerging from the head-on collision (left).
Evolution of Fig. 12.

dx.doi.org/10.1016/j.matcom.2011.09.006
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Fig. 14. Apparent finite-time blow-up of solutions of ibvp (2.1) for CB, η-profiles.

Fig. 14, t = 0.2, 0.8). The elevation η  of the wave then forms a peak that develops into a thin spike which apparently
ncreases without bound in height. Loss of numerical accuracy occurred shortly after t = 1.8. It is worthwhile to note
hat the velocity u  does not blow up; it remains bounded, apparently tending to form a discontinuity in ux as the blow-up
oint is approached. (Cf. Fig. 15 for the final stages of the u-profile.) This is consistent with the theory in [1] which
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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nsures that u  remains in H1
0 (0,  L).

While, of course, one cannot be absolutely certain about blow-up based on numerical evidence, we are fairly
onfident that blow-up occurs in this example. When the experiment was repeated with smaller h  and k  the thin spike

Fig. 15. Velocity profiles of the evolution of Fig. 14 as blow-up is approached.
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Fig. 16. Apparent finite-time blow-up of solutions of ibvp (2.2) for SB, η-profiles.

was formed at approximately the same ‘blow-up’ point (x*, t*). A full numerical study of the blow-up requires a space
– and time – adaptive code for dynamic mesh refinement as (x*, t*) is approached, in the spirit e.g. of [14], and is
outside the scope of the present note.

A few remarks are in order. In the case of other Boussinesq systems, for example of the Bona-Smith systems, cf.
[20], it was observed that the solution evolving from initial conditions that were suitable large perturbations of solitary
waves of these systems produced nonphysical η-profiles with values less than the bottom level −1. Such solutions
typically blew up soon after. The mode of blow-up that we observe here is different. The η-component of the solution
always stays above −1 and the total mass

∫ 1
0 η  dx  is conserved, in the case of both the continuous problem (2.1) and

its semidiscrete analog. (Note that in the case of the Cauchy problem for CB, cf. [30], a maximum principle argument
for the parabolic regularization of the first p.d.e. of (1.1) with a term μηxx in its right-hand side ensures that 1 + ημ(x,
t) ≥  0 for x ∈  R, t  ≥  0 and all μ  > 0, where ημ is the classical solution of the regularized system, evolving from suitably
smooth initial data such that η0(x) > −  1, x  ∈  R. Our numerical examples suggest that this property is inherited by
smooth solutions of the ibvp (2.1) as well.)

When the ibvp (2.2) for the SB system is integrated in time with the same initial conditions and numerical parameters
as in the previous example, one obtains the evolution whose η-component is depicted at several temporal instances in
Fig. 16. Now the wave that is reflected from the left-hand boundary x = 0 travels to the right, is reflected backwards
and forwards again before forming the peak at about t  = 6 that subsequently develops into a thin spike that apparently
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
Math. Comput. Simul. (2011), doi:10.1016/j.matcom.2011.09.006

blows up at about t = 7.5. Again, the velocity u  remains bounded and apparently develops a discontinuity in ux as the
blow-up point is approached, exactly as in the case of CB. (The conservation property (1.9) does not preclude a point
blow-up in η  but ensures that u  remains in H1

0 (0,  L). In the semidiscrete approximation (1.9) still holds, with (ηh, uh)

dx.doi.org/10.1016/j.matcom.2011.09.006
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Table 4
Es(t) for s = 0 (L2-error) and for s = 1 (H1-error) for CB initial data (3.6) at t = 1, 2, 10, 20 as ε ↓ 0, and its order as a function of ε.

Time 1.0 2.0 10.0 20.0

ε L2-error Order L2-error Order L2-error Order L2-error Order

10−2 2.8114(−05) 5.1767(−05) 1.8564(−04) 2.0708(−04)
10−3 3.4124(−07) 1.916 6.8149(−07) 1.881 3.1003(−06) 1.777 5.7951(−06) 1.553
10−4 3.7392(−09) 1.960 7.6778(−09) 1.948 3.6557(−08) 1.928 7.1190(−08) 1.911
10−5 3.6917(−11) 2.006 7.7543(−11) 1.996 4.0391(−10) 1.957 7.8851(−10) 1.956

Time 1.0 2.0 10.0 20.0

ε H1-error Order H1-error Order H1-error Order H1-error Order

10−2 2.2014(−04) 3.4608(−04) 1.0821(−03) 8.1559(−04)
10−3 5.2060(−06) 1.626 8.9329(−06) 1.588 2.5358(−05) 1.630 4.0541(−05) 1.304
1 −4

1

r
o
a
t
f
s

0 1.6721(−07) 1.493 3.2340(−07) 1.441 7.1724(−07) 1.548 1.1570(−06) 1.545
0−5 2.5158(−09) 1.823 6.0466(−09) 1.729 2.5913(−08) 1.442 3.7040(−08) 1.495

eplacing (η, u), and implies that ‖uh ‖∞ can be bounded independently of h.) Note that the temporal span of existence
f this SB solution is larger than that of its CB analog and that the solution persists well past the temporal instance (at
bout t  = 0.1) when η  first dips below the bottom level at −1 and enters a nonphysical regime. As in the CB case, the
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otal mass is conserved. In addition, up to blow-up we observe that η  ≥  −  2, something that could be explained again
rom a maximum principle argument for the parabolic regularization of the first p.d.e. of SB which is easily seen to
atisfy 2 + ημ≥  0 provided 2 + η0 > 0.

Fig. 17. L2- and H1-errors as functions of t ∈ [0, 20] for ε = 10−5 for CB initial conditions (3.6) (upper figures) and (3.7) (lower figures).
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Fig. 18. L2- and H1-errors as functions of t for ε = 10−3 and for longer temporal intervals given CB initial conditions (3.6) (upper figures), and (3.7)
(lower figures).

3.6.  Comparison  of  solutions  of  CB  and  SB  in  scaled  form.

In this section we shall compare solutions of the two systems CB and SB in their scaled forms (1.4) and (1.8),
respectively, for small values of the parameter ε. In the sequel we shall denote solutions of the ibvp for the scaled CB
as (ηε, uε) and of the scaled SB system as (ηε

�,  uε
�).

In the case of the Cauchy  problem  for the systems, it may be inferred from [13,2], in view of the global existence
and uniqueness results for CB, that if the initial data for the two systems are smooth, decay fast enough at infinity and
are related by the formulas

ηε
0,� =  ηε

0, uε
0,� =  uε

0

(
1 + ε

2
ηε

0

)
, (3.4)

then, at least on temporal intervals of the form [0, Tε], where Tε = O(1/ε), we have, e.g. for s = 0 and 1, that for ε  small
enough

‖ηε −  ηε
�‖L∞(0,t;Hs) +

∥∥∥uε −  uε
�

(
1 − ε

2
ηε

�

)∥∥∥
L∞(0,t;Hs)

≤  Cε2t for t ∈  [0,  Tε],  (3.5)

where Hs =  Hs(R) and C  is a constant independent of ε and t.
In what follows our goal is to investigate numerically whether an inequality of the type (3.5) holds, given initial data

that satisfy (3.4), when the systems are posed as ibvp’s on the fixed spatial interval [0, 1] at the endpoints of which it
is assumed, as usual, that the velocity variable is zero. In all numerical experiments we discretized the problems with
Please cite this article in press as: D.C. Antonopoulos, V.A. Dougalis. Numerical solution of the ‘classical’ Boussinesq system,
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h = 0.01, k = 0.001. In our first experiment we took as initial data for CB the functions

ηε
0 =  1,  uε

0 =  x(x  −  1),  0 ≤  x  ≤  1,  (3.6)
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+Model
M

a
t

t
α

c

t
t
v
c
w
c
h
e
m

R

[
[

[

[
[

[

[

[
[
[
[

[
[
[

ARTICLE IN PRESSATCOM-3711; No. of Pages 24

D.C. Antonopoulos, V.A. Dougalis / Mathematics and Computers in Simulation xxx (2011) xxx–xxx 23

nd compared the solution of the ibvp of CB to that of SB at several fixed values of t  ∈ [0, 20] as ε ↓  0, by computing
he quantity

Es(t) =  ‖ηε −  ηε
�‖s +

∥∥∥uε −  uε
�

(
1 − ε

2
ηε

�

)∥∥∥
s
,

hat will subsequently be referred to as ‘L2-error’ when s = 0 and as ‘H1-error’ when s  = 1. We then estimated its ‘order’
 by assuming that Es = O(εα). Numerical results such as those shown in Table 4 suggest that as ε  ↓ 0 E0(t) is very
lose to O(ε2) for all t  ∈ [0, 20], while E1(t) seems to stabilize to O(ε1.5). In the case of the CB initial data

ηε
0 =  cos(2πx),  uε

0 =  sin(2πx),  0 ≤  x  ≤  1,  (3.7)

hat has a smooth periodic extension to (−  ∞  , ∞), the analogous numerical experiment gives that Es(t) = O(ε2) for
 ∈  [0, 20] for s  = 0 and s  = 1. For both sets of initial data and for small ε, the initial temporal dependence of Es(t) is
ery close to linear, as Fig. 17 suggests. Our conclusion is that in the case of the type of ibvp’s for CB and SB that we
onsidered, a result like (3.5) apparently holds for small enough t  in the case s = 0, while there might be initial data for
hich the exponent of ε in the right hand side is less than 2 if s  = 1. We subsequently took a fixed value of ε  = 10−3 and

omputed the quantities Es(t) for s  = 0, 1 for longer temporal intervals over which the ibvp’s of both systems apparently
ad bounded solutions. In the case of CB initial conditions (3.6), Fig. 18 suggests that Es(t) for s = 0, 1 is initially and
ventually increasing with t, for t ∈  [0, 300], roughly linearly. For the periodic CB initial data (3.7) Es(t) exhibits grosso
odo a periodic-like temporal behavior.
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