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Abstract

Preparing prospective mathematics teachers to become teachers who recognize and
respond to students’ mathematical needs is challenging. In this study, we use the con-
struct of critical incident as a tool to support prospective mathematics teachers’ reflection
on their authentic fieldwork activities, notice students’ thinking, and link it to the com-
plexity of mathematics teaching. Particularly, we aim to explore the characteristics and
evolution of prospective mathematics teachers’ noticing of students’ mathematical think-
ing when critical incidents trigger reflective discussions. Critical incidents are moments
in which students’ mathematical thinking becomes apparent and can provide teachers
with opportunities to delve more deeply into the mathematics discussed in the lesson. In
the study, twenty-two prospective mathematics teachers participated in fieldwork activi-
ties that included observing and teaching secondary school classrooms. The prospective
teachers identified critical incidents from their observations and teaching, which were
the foci for reflective discussion in university sessions. By characterizing the prospective
teachers’ reflective talk in these discussions, we demonstrate the discussion’s evolution.
In it, participants questioned learning and teaching mathematics and suggested alternate
explanations. This characterization also shows that using critical incidents in the university
discussions enabled the prospective teachers to link students’ thinking with the teacher’s
teaching practices while supporting their reflection using classroom evidence. We empha-
size the importance of descriptive talk in the discussion, which allows for deepening the
prospective teachers’ reflections. Further, we explore the teacher educator’s contributions
in those discussions, showing that the teacher educator mainly maintained the reflective
talk by contextualizing the critical incidents and pressing the participants to explain further
issues they raised in the discussions. Implications for mathematics teacher education are
discussed.

Keywords Critical events - Teacher noticing - Field-based teacher preparation program -
Secondary school mathematics

Extended author information available on the last page of the article

@ Springer


http://orcid.org/0000-0001-5657-9793
https://orcid.org/0000-0002-7599-5052
https://orcid.org/0000-0003-0319-0092
http://crossmark.crossref.org/dialog/?doi=10.1007/s10649-024-10336-2&domain=pdf

68 S.-H.Rotem et al.

1 Introduction

Teaching mathematics is a complex task affected by many factors found inside and out-
side the classroom setting (e.g., Ball & Forzani, 2009). It involves responding to stu-
dents’ thinking to deepen their mathematical knowledge (e.g., Dyer & Sherin, 2016;
Thanheiser et al., 2021), forming appropriate socio-mathematical norms that encourage
students’ engagement (e.g., Yackel & Cobb, 1996), considering students’ affects as they
engage in the mathematics presented in the classroom (e.g., Op’t Eynde et al., 2006),
and seeing the social factors that exist inside and outside the classroom and influence
students’ learning (e.g., Jaworski & Potari, 2009; Rezat & StridBler, 2012). Seeing the
complexity of mathematics teaching is even more demanding for prospective teachers
(PTs), as they also need to connect teaching practices and students’ learning (e.g., War-
shauer et al., 2021) without having enough classroom experience that allows them to
make these connections (e.g., Leikin, 2008). Thus, teacher education programs try to
bring the complexity of being attuned to the students’ learning into the university using
fieldwork activities, such as classroom observations and teaching, together with reflec-
tion on these activities (e.g., Zeichner, 2012). Nevertheless, when reflecting on these
authentic fieldwork activities, PTs have difficulties in developing an interpretive stance
of classroom events (e.g., Barnhart & van Es, 2015; Phelps-Gregory & Spitzer, 2021;
Rotem & Ayalon, 2023).

Research suggests that developing structures can foster teachers’ systematic reflec-
tion on teaching practice to make noticing classroom complexity more concrete (Mason,
2002; Santagata et al., 2007). Using teacher noticing in teaching preparation programs
was found to be a productive way to structure PTs’ reflection on teaching (e.g., San-
tagata et al., 2007) and focus on students’ mathematical thinking (Jacobs et al., 2010;
Schack et al., 2013). Noticing students’ thinking comprises two interconnected skills:
attending to students’ mathematical thinking in classroom interactions and interpreting
that thinking (van Es, 2011). Here, we use critical incident (CI) as a tool to support PTs’
reflection on their authentic fieldwork activities, notice students’ mathematical thinking,
and link it to the complexity of mathematics teaching. Furthermore, adopting a commu-
nity of inquiry perspective (Jaworski, 2006), where collaborative discussions are a way
to reflect on and inquire into teaching, we focus on the PTs’ discussions in which they
reflect on CIs they identify from their fieldwork. This perspective also emphasizes the
role of the teacher educator (TE).

This study is part of a larger research project conducted in the context of a fieldwork-
based university course that involves the development of a community of inquiry (Potari
& Psycharis, 2018). In it, PTs identified CIs during fieldwork—Iesson observation and
teaching. These CIs were then used to prompt reflective discussions in the university.
The study’s originality lies in its structure, where the CIs that PTs pre-identified from
their field work trigger discussions in the university course. The few studies that have
used this type of structure (Rotem & Ayalon, 2022), typically focused on characterizing
CIs. In contrast, our study focuses on the reflective discussions at university with the TE
to explore the characteristics and evolution of PTs’ noticing of students’ mathematical
thinking as expressed in these discussions. This focus makes theoretical, methodologi-
cal, and practical contributions to the underrepresented issue of how individual teacher
noticing is shaped by the community and vice versa (Konig et al., 2022; Scheiner &
Kaiser, 2023). Thus, to address the aforementioned research challenges our research
questions are as follows:
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RQ1:  What characterizes PTs’ noticing of students’ mathematical thinking during reflec-
tive discussions triggered by their chosen Cls?

RQ2:  How does the PTs’ noticing of students’ mathematical thinking evolve during these
reflective discussions?

RQ3:  What is the role of the TE in these discussions?

2 Theoretical background and literature review

Following our main constructs, CI and teacher noticing, and this study context, we first
present the theoretical perspective guiding our study (Section 2.1), then the current use
of CIs and teacher noticing in fieldwork-based teacher education (Section 2.2). Lastly, we
discuss the role of the TE in promoting teacher noticing during reflective discussions trig-
gered by the CIs (Section 2.3).

2.1 Theoretical perspective

This study’s unique structure coordinates (Prediger et al., 2008) cognitive-psychological
and socio-cultural perspectives on teacher noticing. Konig et al. (2022) distinguish between
these two perspectives. The cognitive-psychological perspective “characterizes noticing as
a set of cognitive processes or processes that take place in the minds of individual teach-
ers, such as perceiving salient incidents in a classroom and interpreting and making sense
of those incidents” (p. 2). The socio-cultural perspective “draws on the socio-cultural and
practice-based construct of professional vision developed by Goodwin (1994)” (p. 3). It
emphasizes the societal and contextual aspects of teacher noticing, such as participating
in the university discussions where discourse and community practices of inquiry shape
the PTs’ interpretations together with the diverse sources upon which the PTs base their
interpretations of CIs (e.g., prior educational experience as a student; prior experience as a
private tutor and so forth).

Indeed, PTs’ noticing is a dynamic process, which “is not solely a psychological pro-
cess, but also a socially situated activity shaped by discursive practices and sociopolitical
contexts” (Scheiner & Kaiser, 2023; p. 1-105). Building on this view that the two perspec-
tives of noticing are interwoven, in this study, we coordinate them to better understand the
characteristics and evolution of PTs’ noticing of students’ mathematical thinking when CIs
trigger reflective discussions. When coordinating the perspectives, we take complementary
components from the cognitive-psychological and socio-cultural perspectives of teacher
noticing to build a comprehensive framework (see Section 3) (Prediger et al., 2008).

In this study, the PTs initially identify CIs from the fieldwork activities, where they are
placed in pairs and experience the classroom individually. This reflects their individual
noticing of student’s mathematical thinking. Then, they share the CIs in discussions in the
university, where the PTs’ cohort form a community and share a “collective experience...
[of] construct[ing] meaning over a period of time from their lived interactions with each
other” (Amador, Wallin, et al. 2021; p. 559). In the discussion around a CI, the PTs and the
TE may raise questions and interpretations about the student’s mathematical thinking. The
questions and interpretations one participant raises may influence the interpretations and
recollections of the CI by other participants, making inquiry a tool that supports being a
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participant in the university discussions (Jaworski, 2006) while also introducing the need
to use the socio-cultural perspective in this study.

Indeed, in the discussion around a CI, which is a socially situated activity, the roles and
goals of the PTs and the TE “are both distinct and deeply intertwined” (Jaworski, 2006;
p-187). Usually, when reflecting on practice, mathematics teachers align with current
teaching norms (Wenger, 1998). This in turn requires critical alignment where the teachers
are “critically questioning roles and purposes as a part of their participation for the ongoing
regeneration of the practice” (Jaworski, 2006; p.190). Thus, part of the TE’s role is prompt-
ing and facilitating the community of inquiry so that participants reflect on the CI from
different perspectives: that of the students, and that of the teacher who was teaching during
the identified CI.

Consequently, we use frameworks guided by both perspectives: (1) frameworks that
align with the cognitive-psychological perspective of teacher noticing (Konig et al., 2022;
van Es, 2011) and (2) frameworks that show how individual noticing is shaped by commu-
nity participation (Bragelman et al., 2021; Konig et al., 2022) and vice versa, enacting the
socio-cultural perspective of teacher noticing. More details of the particular frameworks
we use in this study are provided next.

2.2 ClIs and teacher noticing in fieldwork-based teacher education

Preparing PTs to become teachers who recognize and respond to students’ mathematical
needs (e.g., Hiebert et al., 2019; Jacobs et al., 2010) is challenging. PTs are expected to
recognize the complexity of mathematics learning and teaching without having enough
practical experience (Leikin, 2008). Therefore, most teacher preparation programs involve
fieldwork to bring theory with practice closer and serve as a primary source for PTs’ learn-
ing (e.g., Ball & Forzani, 2009; Grossman et al., 2009). In recent years, creating a frame-
work for reflection for PTs is an issue that has triggered researchers’ attention in mathemat-
ics teacher education (e.g., Karsenty & Arcavi, 2017; Santagata et al., 2007). In this study,
we facilitate the PTs’ reflection using CIs and teacher noticing.

We address a CI as a construct that focuses on students’ learning to bring forward the
complexity of mathematics learning and teaching. Rotem and Ayalon (2022) defined a CI
as a “moment in which students’ mathematical thinking becomes apparent and thus can
provide teachers opportunities to delve more deeply into the mathematics discussed in
the lesson” (p. 1). They suggest characterizing the CIs that PTs identify during classroom
observation and teaching through a three-axis model containing the event’s focus (i.e.,
mathematics, pedagogy, combined mathematics and pedagogy), the event’s participants
(i.e., the students, the teacher, and the students and the teacher combined), and dimensions
of learning and teaching (i.e., cognitive, social, and affective). Consequently, a CI can be
characterized using several combinations of the model’s elements. In this study, we follow
Rotem and Ayalon’s (2022) definition and use Cls to promote PTs’ noticing. Furthermore,
when using the construct of a CI we draw on scholars who argue for CI’s subjective nature
(e.g., Rotem & Ayalon, 2022; Yang & Ricks, 2012). According to this perspective what-
ever the PTs identify as a Cl is crucial for their learning and therefore it is considered a CI.

Teacher noticing originated as a practice that involved identifying what is significant
in a classroom interaction, interpreting this noteworthy incident based on knowledge and
experiences, and linking it with broader principles of learning and teaching (e.g., van Es,
2011; van Es & Sherin, 2002). Teacher noticing is the most prominent construct in the field
of mathematics teacher education (Amador, Bragelman, et al. 2021) and is considered to be
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an appropriate framework for reflection (e.g., Santagata et al., 2007) on a CI. A predomi-
nant framework used to promote teacher noticing (Amador, Bragelman, et al. 2021) is van
Es’s (2011) learning-to-notice framework. It consists of four levels of noticing according to
“what teachers notice” and “how teachers notice.” This framework is detailed in Table 1.

When the learning-to-notice framework is used in a methods course, it can support PTs’
in shifting from attending to and describing teaching to interpreting and linking it with
students’ learning (e.g., Roth McDuffie et al., 2014). Most research that has addressed
teacher noticing as a way to promote PTs learning uses the PTs” written work (e.g., Ama-
dor, Bragelman, et al. 2021).

However, many teacher preparation programs include both written assignments and
discussions. These emphasize the importance of learning about the PTs’ noticing as it is
expressed during discussions. In fact, Amador, Wallin, et al. (2021) suggested that when
participating in teacher professional community discussions over time, the participants’
noticing converges as the result of the “social construction of meaning based on collective
experiences” (p. 1). Moreover, two decades ago, teacher noticing was commonly viewed
as comprising of two linearly enacted skills—first attending to the students’ mathematical
thinking and then interpreting it. Recent theoretical and empirical works, though, have sug-
gested that this might not be the case (Scheiner, 2021). Particularly in professional commu-
nity discussions, when a teacher attends to a CI, they might ask further questions to support
their interpretation of the students’ mathematical thinking. This in turn can influence what
the teacher is attending to in the CI (van Es & Sherin, 2021).

Bragelman et al. (2021) investigated PTs’ noticing of students’ thinking during col-
laborative discussions around videotaped lessons. They used a modification of learning
to notice framework to show PTs’ noticing trajectories within a whole-class discussion
and how individual PTs’ noticing shifts alongside the TE’s contributions. The two studies
above (Amador, Wallin, et al. 2021; Bragelman et al., 2021) are the only ones we found
that investigated how one PT’s noticing, as expressed when they talk, might influence
another PT’s noticing in the collaborative discussions. Hence, our study aims to contrib-
ute to this underrepresented, yet important issue of the way individual teacher noticing is
shaped by the community and vice versa. However, we use a different structure from the
usual setting documented in most studies. In this study, the discussions were triggered by
authentic real-life CIs that PTs identified during their fieldwork. Further, here we consider

Table 1 The van Es learning to notice framework (Van Es, 2011; p.139)

Level What teachers notice How teachers notice

1 — Baseline Making general observations Providing general impressions and descriptive
about the whole class environ- comments
ment

2 — Mixed noticing Focusing on teacher pedagogy Providing primarily evaluative with some inter-
and beginning to attend to pretative comments and beginning to refer to
students’ thinking specific events and interactions as evidence

3 — Focused noticing  Attending to particular students’  Providing interpretative comments, referring to
mathematical thinking specific events and interactions as evidence,
and elaborating on events and interactions
4 — Extended noticing Interrelating particular students”  Making connections between events and princi-

mathematical thinking and ples of learning and teaching and suggesting
teachers’ teaching strategies alternative pedagogical actions
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the TE as part of the community as they also shape and influence the social construction of
meaning in the discussion.

2.3 The teacher educator’s contributions when facilitating reflective discussions

Facilitating the discussions around a CI is crucial to successfully supporting teachers’
learning (Gibbons et al., 2021). Much of the recent research addresses the TEs’ chal-
lenges (e.g., Borko et al., 2014), their own professional learning (e.g., Jacobs et al., 2017;
Schwarts et al., 2021), and their own noticing of students’ thinking (e.g., Amador, 2022).
Here, we are interested in the TE’s role as part of the community of inquiry (Jaworski,
2006) when facilitating collaborative discussions.

Few studies address TEs’ facilitation moves of collaborative discussions around vide-
otaped cases and CIs. This issue started to receive attention about two decades ago (e.g.,
Nemirovsky & Galvis, 2004). Coles (2013) built on Mason’s work (Mason, 2002) and sug-
gested that part of the TE’s role is to give the participants time to reconstruct what they
observed in a lesson while avoiding judgment and interpretation, and deciding when to
move into interpretation. van Es et al. (2014) examined facilitators’ in-the-moment con-
tributions in video-based professional development programs and offered a framework
for facilitation. In this study, we follow researchers that build on van Es et al.’s (2014)
framework (e.g., Tekkumru-Kisa & Stein, 2017) and explore the TE’s role when facilitat-
ing discussions to characterize how one PT’s contribution might influence another PT’s
interpretation.

3 Methodology
3.1 Research context and participants

The study took place in the context of a 14-week mathematics education undergraduate
course (taught by the second author) at a leading university in Greece. The course is a part
of the bachelor’s degree in the university’s mathematics department, and it targets students
who intend to become secondary school mathematics teachers (i.e., PTs). It is the main
route through which the PTs engage in fieldwork, and its goal is to allow them to reflect
critically on aspects of mathematics learning and teaching that emerge from the complex
classroom environments.

Our study participants were 22 PTs (9 males, 13 females) who attended the course, eight
postgraduate students who served as PTs’ mentors and accompanied them to schools, and
the second and third authors. The PTs’ mentors were informed about the aims of the course
and the idea of CIs and had access to the course materials. The mentors’ goal was to sup-
port the PTs by providing feedback on their lesson designs and chosen CIs. The second
author served as the TE and as a mentor for one pair of PTs. The third author participated
in the university sessions as a participant-observer.
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3.2 Research design and data collection

The mathematics education undergraduate course alternated fieldwork in schools (4 h per
visit) and 3-h university sessions (details in Table 2).

As ClIs are the main tool for promoting teachers’ noticing during reflective discus-
sions in this study, we introduced the participants to the idea of a CI in the first two
university sessions prior to the fieldwork. In session one, the TE presented the mean-
ing of a CI through an existing literature definition, which appears in the beginning of
this paper (taken from Rotem & Ayalon, 2022; p. 1). Then, participants watched some
clips showing classroom interactions taken from a videotaped lesson from Japan about
inequalities (TIMSSVIDEO website: link). Afterwards, they worked in groups to iden-
tify a CI by reading the videoclips’ transcript. The participants could identify numer-
ous ClIs in these clips. Emphasizing the perspective that whatever they chose is crucial
for their learning (e.g., Rotem & Ayalon, 2022; Yang & Ricks, 2012), the TE did not
limit them to selecting a particular CI, but rather choosing CIs that focus on students’
thinking according to our definition. Finally, the participants answered a Critical Inci-
dent (CI) Analysis Worksheet containing five questions about their chosen CI (Fig. 1).
The questions aim to support the PTs CIs’ interpretation, using prompts to facilitate
varying attention and interpretation levels, ranging from baseline to extended notic-
ing (van Es, 2011). For example, question 2 prompts PTs to think on teacher pedagogy

Table2 PTs’ fieldwork and university activities in the course

Week Fieldwork activity University session activity
1,2 Presenting the idea of CIs using
existing literature definitions.
3 Describing students’ engagement in the lesson briefly and
how the teacher managed students’ queries and/or wrong
responses.
4 Collaborative, reflective discus-
sions around CIs
5 Analyzing teachers’ and students’ questions.
Collaborative, reflective discus-
sions around Cls
7 Identifying an unexpected contribution by a student and dis-
cussing it with the student and the teacher after the lesson.
8 Collaborative, reflective discus-
sions around CIs
9 Designing and teaching a lesson to one group of students
outside the classroom.
10 Collaborative, reflective discus-
sions around Cls
11 Designing a part of a lesson around one task and implement-
ing it in the classroom.
12 Collaborative, reflective discus-
sions around Cls
13 Designing and teaching a whole lesson in the classroom
14 Collaborative, reflective discus-

sions around CIs
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Critical Incident Analysis Worksheet

Please answer all the following five questions:

1). Why is the CI significant to mathematics learning and teaching?

2). How do you interpret what is happening in this CI? You can use the course readings.
3). How can the CI be linked to broader mathematics learning and teaching principles?

4). How do you evaluate the way the teacher managed this CI?

5). What would you do if you were the teacher?

Fig. 1 A critical incident analysis worksheet

(learning-to-notice level 1), while question 5 prompts them to connect principles of
learning and teaching and suggest alternative pedagogical actions (learning-to-notice
level 4).

In the second university session, participants presented their answers to the work-
sheet questions and were further challenged by the TE to justify why they considered
the selected incident as critical. Participants argued their interpretations, commented
on/questioned existing teaching practices, and suggested alternative ones.

After the first two university sessions, the PTs were paired and placed in schools
for the fieldwork activities (classroom observations and teaching) under the supervi-
sion of their mentors (see below). In the fieldwork activity, PTs were asked to (1) keep
systematic notes and/or recordings (audio/video) of the lessons, (2) select a CI (from
their notes/recording), (3) justify its selection, and (4) analyze it according to the CI
analysis worksheet. As seen in the fieldwork activities column (Table 2), the fieldwork
activities included a theme for the fieldwork, which was the main task for the PTs dur-
ing that week. The assumption was that in the following week’s university session, the
PTs’ identified CIs would align with this theme. Nevertheless, the TE was open to the
emergence of other CIs, even those not concerned with these themes.

After a fieldwork week, the PTs would each present their selected Cls for reflective
discussion in a 3-h session at the university (about three PTs each session). Usually,
the discussion would begin with the PT presenting their identified CI while the TE
facilitated the discussion using the facilitation moves described in van Es et al. (2014).
These moves were modified for the purpose of facilitating discussions around authen-
tic CIs the PTs had identified from their own fieldwork in schools. Table 6 details the
TE contributions to the discussions. The structure for each discussion followed the CI
analysis worksheet (Fig. 1). Yet, it was unique due to the different Cls presented by
various PTs while bringing forward different issues concerning learning and teaching
mathematics.

For the large research project of which this study is a part of (Potari & Psycharis,
2018), we collected all data related to the discussions around the CIs. This data con-
sisted of (a) PTs’ CI analysis worksheets, lesson plans, presentation files and materials
used in their own teaching; (b) video recordings/transcripts of all university sessions
(8 in total) that captured the whole-class discussions, and (c) researchers’ field notes.
This study focuses on the reflective discussions around a CI, so here we analyze the
video recordings of the university sessions.
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3.2.1 Ethical considerations

All rights of confidentiality and withdrawal from the study were confirmed via writ-
ten consent from the participants. To avoid biases related to the dual role of the TE as
teacher and researcher, the third author was responsible for the data collection process.

3.3 Data analysis

We carried out a three-phase data analysis of the transcribed university discussions.
Building on our study goal of exploring the characteristics and evolution of PTs’ notic-
ing of students’ mathematical thinking when Cls trigger reflective discussions, we first
reduced the data of the large research project. We focused here on extracts from the
reflective discussions in which the CIs focus on students’ mathematical thinking. Other
issues that were explored using the full data set collected in the large research project
can be found in Potari and Psycharis (2018). In the second phase, we considered each of
the participants’ and the TE’s talk-turns (turn at speaking, see Bragelman et al., 2021) in
the transcribed discussion as a unit of analysis. In line with our theoretical perspective,
we coded (1) the participants’ talk-turns and (2) the TE’s facilitation moves. For the par-
ticipants’ talk-turns we built on the learning-to-notice framework (van Es, 2011), which
is often viewed as the cognitive-psychological perspective, together with Bragelman
et al.’s (2021) framework, and a bottom-up analysis. For the TE’s facilitation moves, we
used van Es et al.’s modified framework (Van Es et al., 2014). Third, we used talk-turns
graphs (Bragelman et al., 2021) to track patterns across the discussions. The following
details each data analysis phase.

3.3.1 Phase1

The first phase goal was to reduce the data and focus on extracts in which the CIs bring
students’ mathematical thinking forward. Overall, the university reflective discussions
comprised 14 extracts, of which six met our goal in the sense that each one consisted of a
discussion around one CI dealing with students’ thinking in the lesson. These six extracts
consisted of 207 talk-turns (from participants and TE). Table 3 details them.

Table 3 Details of the six extracts analyzed in this study

Extract Course week University Participants’ talk- TE’s talk-turns Total no.
session turns of talk-
turns

1 8 5 11 9 20

2 10 6 35 35 70

3 10 6 14 8 22

4 12 7 33 17 50

5 14 8 10 8 18

6 14 8 19 8 27

Total 122 85 207
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3.3.2 Phase2

The Phase 2 goal was to code all analysis units, both the participants’ and the TE’s talk-
turns, in each of the six extracts. We could then use this coding for answering our RQl
(characterizing PTs’ noticing of students mathematical thinking during the reflective
discussions) and RQ3 (the role of the TE). Of the 207 talk-turns, 14 turns were not related
to noticing as they were too short to code (i.e., when participants agreed or disagreed with
other participants or the TE: “yes,” “true,” and so forth). This resulted in 193 talk-turns,
representing 93% of the extracts. One hundred eight talk-turns were the participants’ turns,
and 85 turns were of the TE.

To characterize the participants’ talk-turns, we started with top-down coding according
to van Es’s (2011) levels of noticing. As discussed in the literature review, van Es’s (2011)
framework suggests that an interpretation contains three aspects: quality, some degree of
evidence (from none to evidence-based), and links to broader learning and teaching issues.
While coding, more categories emerged, so we fine-grained the characterization in a bot-
tom-up coding as follows. We separated van Es’ (2011) highest level into its three main
sub-characterizations—quality, sources, and links—and considered each aspect a talk-
turn’s characterization. We define sources as the evidence brought in the talk-turn and links
as connections to broader learning and teaching issues. Then, we further elaborated and
developed the sub-characterization using other frameworks that built on van Es’ (2011)
framework: Bragelman et al. (2021) to refine the sub-characterization of quality types
(Table 4) and Rotem and Ayalon (2022) to refine the sub-characterization of the links. Sub-
characterization for sources was drawn solely on the bottom-up characterization (Table 5).

To characterize the TE role as revealed during her talk-turns, we used the van Es et al.
(2014) framework to first carry out top-down coding. However, van Es et al.’s (2014)
framework was designed to describe the facilitators’ moves during video-based profes-
sional development programs. We therefore changed the wording of the framework’s defi-
nitions to fit our study’s structure in which the CIs were identified in fieldwork activities.
We also refined and contextualized the van Es et al. (2014) framework so it would encom-
pass all the TE’s talk-turns in the university sessions. Table 6 depicts the van Es et al.
(2014) framework that we modified to fit our context.

Table 4 Quality types for each of the participants’ talk-turns

Quality type Definition

Descriptive Participants’ talk-turns that describe the CI. They give details about the task, text-
book, number of students in class, grade, school, etc. The participants could also
describe the behavior of the students or the teacher.

Evaluative Participants’ talk-turns that evaluate some occurrences in the CI. This type of qual-
ity includes expressions like “Nice,” “T liked that...”, or “I don’t think that this is
good for...”

Interpretive Participants’ talk-turns that account for some occurrences in the CI. They try to

explain why something happened in the CI.

Alternate explanation  Participants’ talk-turns that account for some occurrences in the CI while adding a
different explanation to the already discussed.

Questioning Participants talk-turns that raise questions regarding some occurrences in the CI.
These questions address essential issues indicating an inquiry stance to math-
ematics learning and teaching.
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Table 5 Types of possible links and sources characterizing the participants’ talk-turns

Types of links Affective issues; cognitive issues; socio-cultural aspects inside the classroom; socio-
cultural aspects outside the classroom; mathematical content; teaching practices; and

research findings.

Prior educational experience as a student; prior experience as a private tutor; textbook
and other curriculum resources; classroom evidence; teachers/mentors explanations;
mathematics education principles/papers/courses.

Types of sources

Appendix depicts an example of the coding process using the coding schema for a reflec-
tive talk-turn (Table 4), source, and links (Table 5) together with the TE talk-turn (Table 6).
The second and third authors transcribed and translated the data set from Greek to English.
They carried out the first phase of the data analysis, the initial top-down coding, accord-
ing to the van Es (2011) framework. The first author fine-grained the characterization in

Table 6 The van Es et al. (2014) framework for TE’s contributions as modified for this study

TE’s contributions

Definition

Orienting group to
the CI

Sustaining an
inquiry stance

Maintaining a focus
on the CI and the
mathematics

Supporting group
collaboration

Launching
Contextualizing

Highlighting
Lifting up

Pressing

Offering an explanation

Countering
Clarifying
Redirecting

Pointing to evidence

Connecting ideas

Standing back
Distributing participation

Validating participant ideas

Pose general prompts to elicit participants’ ideas.

Provide or ask the PTs to provide additional informa-
tion about the classroom context, the lesson, the
mathematical content, or other relevant information
related to the incident.

Direct attention to noteworthy student ideas in the CI.
Identify an important idea that a participant raised in
the discussion for further discussion.

Prompt participants to explain their reasoning and/or
elaborate on their ideas.

Provide an interpretation of an event, interaction,
or mathematical idea, from a stance of inquiry or
while connecting to research in math education.

After the participant’s explanation, the TE offers an
alternative perspective.

Restate and revoice to ensure a common understand-
ing of an idea.

Shift the discussion to maintain focus on the CI
analysis.

Contribute substantively to the conversation, using
evidence for reasoning about learning and teaching
with CIs (describing the classroom’s observation).

Make connections between ideas raised in the discus-
sion.

Allow the group members time to discuss an issue.

Invite participants to share different ideas based on
who is (and is not) participating. This is a verbal
invitation and also through gestures where the TE
approaches other participants in the discussion.

Confirm and support participant contributions.
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a bottom-up data analysis and completed the coding process for the participants and TE’s
talk-turns.

To ensure the validity and reliability of the analysis, each author analyzed individually
1/3 of the data using the coding scheme. Then, we compared our coding, disagreements
were discussed until a consensus was reached, and some categories were refined (Lincoln,
1995). Finally, the first author completed the data analysis, while the second and third
authors cross checked the entire analysis while also referring to the original discussions’
scripts.

3.3.3 Phase3

The goal of this phase was to answer our research questions. First, to answer RQ1 (char-
acterizing the PTs’ noticing) and RQ3 (examining the role of the TE), we used the codes
from the previous phase and counted their frequencies in relation to qualities, links, and
sources. Second, to answer RQ2 and explore how the discussion evolved and note the TE’s
contributions, we drew on a micro-analysis conducted by Bragelman et al. (2021) and
graphed the participants and the TE’s talk-turns in each of the reflective discussions around
the CIs (for extracts 1-6). Some of the graphs are presented in Section 4 (Figs. 3, 6, and 7).

We used three graphs to show the evolution of the discussion in terms of the quality and
the contributor of the talk-turn (Fig. 3); the evolution of the discussion in terms of the qual-
ity, links, and sources (Fig. 6); and the relationship between the participants and the TE’s
contributions (Fig. 7). In all these graphs, the y-axis depicts the types of quality (reported
in Table 4), and the x-axis depicts the talk-turn number in the reflective discussion in that
extract. Each data point represents a coded participant’s talk-turn. When a talk-turn is not
marked with a data point, this turn was not related to noticing.

4 Results

This section comprises three sub-sections following our three research questions. Each sec-
tion presents findings for each research question.

4.1 Characterizing PTs’ noticing of students’ thinking

The systematic analysis of the reflective discussions brings forward three main character-
istics of PTs’ noticing: the quality of the PTs’ talk-turns as they analyzed the CI in the dis-
cussions, the links the PTs draw between the students’ activity and other issues concerning
learning and teaching mathematics (e.g., affective issues, socio-cultural issues inside and
outside the classroom), and the sources the PTs’ use to support their analysis during the
discussions. Table 7 depicts the quality of the PTs’ talk-turns during their CI analysis.

As mentioned above, the participants made 108 talk-turns. Further, two turns have been
coded twice, with two different codes. To allow continuing with the analysis, we counted
them as two additional PTs’ talk-turns. Thus, we received the total number of talk-turns to
be 110.

In terms of the guality characteristic of the PTs’ talk-turn, the most prominent type of
quality is the interpretive stance (43 out of 110: 39%), followed by descriptive type (30 out
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Table 7 Frequency of the PTs’

Ik . £ quali Quality type Number of % of talk-turns in terms of
talk-turns 1 terms of quality talk-turns quality type (out of 110
types

turns)
Descriptive 30 27%
Evaluative 9 8%
Interpretive 43 39%
Alternate explanation 16 15%
Questioning 12 11%
Total (N) 110 100%

of 110: 27%), alternate explanations (16 out of 110: 15%), and questioning (12 out of 110:
11%). Evaluative talk-turn was the least prominent type (9 out of 110: 8%). Yet, to have a
broader view of the characteristics of the PTs’ talk-turn, we present the different links and
different sources the PTs used when analyzing the students’ activity during the reflective
discussions (Table 8).

Within the 110 talk-turns coded, there are twenty-seven times when these talk-turns
did not have any links or sources, and 102 times where the PTs used a source or a link
to analyze the CIs (one turn can include more than one link and/or one source, Table 8).
This resulted in a total of one hundred and twenty-nine instances where we coded for links
and sources. In 91 out of these 102 times, the participants made links between students’
activity and broader aspects of learning and teaching mathematics. The most prominent
links are students’ activity and the teaching practices used in the CI (24 times), students’
cognitive aspects (23 times), and the mathematical content (23 times).

In 53 out of these 102 times, the participants used various sources as evidence to sup-
port their claims. Table 8 shows that the main sources are classroom evidence, including
the CI itself (30 times) and the speakers’ own prior educational experience (11 times).
Additionally, Table 8 brings forward the complexity inherent in the participants’ talk-turns
in the discussions. For example, although 49 times (out of 76), the participants did not use
any source to support their analysis, they did make links between students’ activity and
various aspects of mathematics learning and teaching: students’ activity and the mathemat-
ical content of the CI (17 times), students’ activity and their cognitive aspects (15 times).
Another example is found in classroom evidence. Within the 30 times participants brought
evidence from the classroom to support their analysis, 14 contained links between their
analysis of the students’ activity and teaching practices. Conclusively, most talk-turns were
characterized as interpretive and descriptive turns that contained links between students’
activity and either teaching practices, students’ cognitive aspects, or the mathematical con-
tent, and used classroom evidence as the main source for the reflections. Based on these
results, in the following sections we elaborate on the evolution of the reflective discussion’s
characterization in terms of quality, links and sources, and the TE’s role in promoting the
discussion’s evaluation.
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4.2 The reflective discussion’s evolution in terms of quality, links, and sources

Throughout the dataset, the discussions evolved in terms of quality, links, and sources. A
discussion usually starts with a talk-turn of descriptive quality and then evolves to more
profound types of quality. We use extract 4 from the dataset to exemplify this finding (here
and in the following section). Extract 4 is a discussion that took place around one PT -
Katia’s'—chosen CI in the seventh university session (Table 3). Katia had designed the
task at the center of the CI (Fig. 2) and she identified the CI from a lesson she had taught
as a part of her fieldwork. The task asked students to determine “Which is bigger, Figure A
(top figure) or Figure B (bottom figure)?”” The CI was that students came up with many dif-
ferent solutions to the task, which Katia had not anticipated. Figure 3 depicts the evolution
of the discussion around the CI in terms of the type of quality of the talk-turns.

The discussion starts with a descriptive type of quality. Katia is providing many details
about the CI (turns 1 and 3). Additionally, she emphasizes what is critical for her: “The
important thing ... was that I got many different solutions for the 1* plot.” Then, in the
fifth turn, she moves into a questioning quality type, saying: “My concern here was why
there were so many different solutions. I wasn’t prepared for that.” Katia seemingly did not
anticipate that the task she had designed would raise so many different solutions. In turns 5
to 13, Katia continues to bring additional quality types to the discussion. Then, from talk-
turn number 15 to 18, the discussion goes back to the question Katia raised about the pos-
sible reasons for the many students’ solutions in the CI (Fig. 4). In these talk-turns, other
participants bring different quality types.

This excerpt demonstrates how descriptive talk-turns propel the discussion into other
quality types. Katia’s CI and her reflection on it, in the form of questioning in talk-
turn number 5, are a part of her internal reflective cognitive process. Then, as shown
in the excerpt above, it becomes a collective experience within the community setting.
Through the social and cultural context of constructing a shared meaning, Leonidas,
Angela, and Stella shape their interpretations based on what is raised in the discussion.
In talk-turn 15, Leonidas makes an analogy between having different solutions and hav-
ing different ways of mathematical understanding. To support his reflection, he says, “it
is something I have noticed myself.” In turn 16, Angela expands Leonidas’ interpreta-
tion saying that even the same person can understand the same mathematical content
differently depending on the person’s perspective at that time. Then, Stella suggests a
different analysis of interpretive quality while linking students’ activity with the teach-
ers’ teaching practices. In talk-turn 22, after a couple of turns, Katia focuses on a par-
ticular student and articulates a specific solution strategy he used to solve the task. It
seems that the other participants’ analyses of the possible reasons for the many students’
solutions influence her noticing as she begins to focus on a particular student’s thinking.

Looking at the discussion around Katia’s CI (Fig. 3), we argue that there is an inter-
play between the descriptive talk-turns and the more profound quality talk-turns. We
show this using the rectangles in Fig. 3. These rectangles divide the talk-turns into
chunks, starting with a descriptive talk-turn and ending with the other types—evalua-
tive, interpretive, alternate explanation, and questioning. They show the back and forth
between the descriptive and the other types of quality. It could be that the descriptive
talk-turns feed the conversation with more details of the CI, thus enabling PTs to build on

! Note: All PT names are pseudonyms.
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Fig.2 The first task in Katia’s

worksheet OIKONEAD A _ F|gure A

OIKONEAD B - Figure B

them and carry out their analysis. For example, in turns 43—45 James asks for descriptive
details, which Katia provides. Only then does James offer his interpretation (Fig. 5).

After Katia provides additional details, James says “Nice! Okay” which may indicate
that this information helped him to better understand the CI, as demonstrated by the
analysis he provides in his next sentence.

Overall, in terms of the quality of the talk-turns, we recognize two ways in which the
discussion is evolving. First, Katia, the PT who identified the CI deepens her analysis. Such
deepening is expressed by variation in the types of quality characterizing her talk-turns:
descriptive (turns 1, 3, 13, 22, 24, 44, 46); evaluative (13, 20); interpretive (7, 26, 33, 48);
alternate explanation (40) and questioning (5). Second, it is not only the PT who identified
the event who deepened their analysis, but also other PTs who took part in the discussion
and changed their talk-turns quality. For example, Stella added an interpretive analysis to
the discussion (34) followed by an alternate explanation type of quality (39) (Fig. 3). James
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Note: This figure shows the evaluation of the quality of the participant’s talk-turns in Extract 4. Each data point
represents a participant’s reflective talk-turn using abbreviations for their pseudonyms: K-Katia; G-George; St-Stella;
A-Angela; L-Leonidas; O-Orestis; J-James; So-Sophia.

Fig. 3 Evaluation of the quality of the participants’ talk-turns in extract 4

added descriptive (43), interpretive (45), and alternate explanation (49, 51) types of qual-
ity. These changes were not only a manifestation of the participants’ internal cognitive pro-
cesses; instead, they were also influenced by the other participants’ talk-turns, as shown in
the example above.

As mentioned above, the discussions around the CIs evolved not only in terms of the qual-
ity of the participants’ talk-turns, but also in the links they made and sources they referred to
during their analysis. Figure 6 illustrates the evaluation of the participants’ links and sources
around Katia’s CL

As shown by the figure, the discussion starts with descriptive and evaluative quality
turns without links or sources. Then, in talk-turn 3, sources appear, and from there onward
most turns included either links and sources, or just links between the students’ activity
and different aspects of learning and teaching mathematics. Table 9 depicts the links and
sources made in this discussion.

Most of these links were made between students’ activity and: the CI’s mathematical con-
tent (12 times out of 30 turns made by the participants); the teacher’s teaching practices (10
times out of 30); and the students’ cognitive aspects (9 times out of 30). In terms of sources,
the PTs used classroom evidence from their own fieldwork experience or the CI (15 times out
of 30) and their own experience as students (4 times out of 30) to support their CI analysis.
These results demonstrate the overall results described earlier, particularly how the type of
the PTs’ turns (Table 7) interact with the different links and sources (Table 8).

All in all, the evolution of the discussion around the CI occurs as the PT who brought
the event starts with descriptive turns and then moves to alternate explanation and question-
ing. Sometimes, the questioning is based on participant observations from the event. In other
cases, it is because of the discussion, or personal experience. Further, other PTs build on the
descriptive contributions to suggest their analysis—interpretive, alternate explanation, and
questioning—while using links and their personal experience. These two ways in which the
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Leonidas: “I want to say that the variety of different solutions is quite interesting
because it is something I have noticed myself. That is, in mathematics each
individual thinks about a problem differently. Each person’s perspective on things

is completely different!”

Angela: “Even the same person could take a different perspective for the same

thing along time.”

TE: “Do we often see so many different solutions in the classroom, similar to what

Katia showed us?”

Stella: “... it has to do with the type of the teacher’s questions and guidance. A
task that is too closed does not allow the emergence of different solutions... we

12

don’t need to ask “yes-no” questions... we have to ask why

Katia: “There was a kid ... [who] I didn’t think would give me any answers. [Yet]
he said to me “this looks like a chimney [Figure 2(A)]. I will cut it. I will put it as
a roof.” That is, he found the shape a little strange. I didn't expect he will engage

12

with the task, but I saw that he had measured some things

Fig.4 PTs’ discussion around the many solutions raised in the CI (talk-turns 15-18, 22)

discussion evolves, building on the descriptive talk-turns, are explained through the coordina-
tion of the cognitive-psychological and socio-cultural perspectives on teacher noticing. As
seen by the examples shared in this section, the PTs deepen their analysis by reflecting on
their classroom and personal experiences together while being influenced and influencing the
social and cultural context of the discussion when constructing a shared meaning around the
CI. Furthermore the TE, who has a part in the social and cultural context of the discussion,
also plays a role in prompting this evolution. In the next section, we present the results for the
third research question: What is the role of the TE in these discussions?

James: “May I ask something? What grade were the children in?”

Katia: “2" [year of] high school.”

James: “Nice! Okay. They are relatively young. Nevertheless, we are not smarter than the
children. They were using exactly the same data that we are using [with this task]

and give the same quality answers. We do not know more about [it] than they do!

Fig.5 Asking for descriptive details to offer interpretation (turns 43—45)
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Note: This figure shows the evaluation of the participants’ links and sources when discussing Katia’s CI. As shown by the figure, the
discussion starts with descriptive and evaluative quality turns without links or sources. Then, in talk-turn 3, links and sources
appear, and from there onward most turns included either links and sources, or just links between the students’ activity and
different aspects of learning and teaching mathematics.

Fig.6 Evaluation of the participants’ links and sources when discussing Katia’s CI

Table9 Links and sources used by the participants in the discussion around Katia’s CI (Fig. 6)

Links: students’ activity and

Nolink Affec-  Cogni-  Socio-culture Math content Teaching
tive tive aspects in the practices
aspects  aspects  classroom

No source 6" 7 7 2
Prior educational experience 1 2
Classroom evidence 1 1 1 2 4 6
Total 7 1 9 12 10

A talk-turn can include more than one link or source; thus, the numbers in the table indicate how many
times a particular link or source appeared

4.3 Therole of the TE in these discussions

Overall, the analysis revealed that all of the TE’s contributions in the discussions can be
characterized using van Es et al.’s (2014) framework with our modifications (Table 6).
Table 10 depicts the characterization of the TE’s contributions in the discussions through-
out the entire data set.

From Table 10, it emerges that the TE used many types of contributions in the discussions,
and it is difficult to discuss a prominent one. This may indicate that in order for the discussion
around the CI to evolve in terms of quality, links, and sources, the TE should use various types of
contributions. Nonetheless, to show what usually happened in our data we demonstrate the four
most prominent categories: offering explanation (20 out of 106: 19%), pressing (19 out of 106:
18%), contextualizing (14 out of 106: 13%), and clarifying (11 out of 106: 10%). When offering
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Table 10 Characterization of

Number of talk- I t
the TE’s contributions in the umberotta 1l percenage

discussions turns (out of 106
turns)
Launching 2 2%
Contextualizing 14 13%
Highlighting 6 6%
Lifting up 5 5%
Pressing 19 18%
Offering an explanation 20 19%
Countering 2 2%
Clarifying 11 10%
Redirecting 3 3%
Pointing to evidence 8 8%
Connecting ideas 1 1%
Standing back 1 1%
Distributing participation 6 6%
Validating participant ideas 8 8%
Total (N) 106 100%

explanations, the TE suggests some explanation for the issue raised in the discussion. When
pressing, the TE pushes the PTs to reason about the argument or issue raised in the discussion.
Contextualizing is when the TE gives or asks for further information of the context of the CI, and
clarifying is when the TE clarifies the details, issues, and ideas raised in the discussion.

Figure 7 illustrates the TE’s role (dashed lines) in prompting the discussion around the
CI by including the information in Fig. 3 with the TE’s contributions.

Figure 7 demonstrates the interplay between the descriptive talk-turns and the more pro-
found quality—evaluative, interpretive, alternate explanation, and questioning. Some of
this interplay is manifested through the PTs talk-turns and some is due to the TE’s prompt-
ing as she contextualizes the CI. In talk-turns 2—4, both Katia and the TE give descriptive
details which Katia builds on in her questioning in talk-turn 5. This occurs again in talk-
turns 8—13 where both the TE and Katia provide descriptive details. In turns 19, 21, 22,
and 24, Katia and the TE provide more descriptive details, after which the TE highlights a
specific issue for the discussion followed by Katia and George taking interpretive turns (26,
28). Then again, the TE brings more details into the discussion that George and Katia build
on in their interpretive turns (29-33). In turn 29, the TE is contextualizing the task that the
students had worked on. The TE mentions that usually in similar tasks, the irregular shapes
are already divided, but here the students had to divide the shape themselves (31). Building
on this TE contribution, George addresses the effect of this task’s feature on the students’
work: “it is important that [the figure] was not given separately! So that the students had to
measure the perimeter” (32). This is followed by Katia’s interpretive contribution in which
she frames the feature of the undivided irregular shapes as an important task feature, as it
requires the students to measure the irregular shapes. Further, Katia addresses the connec-
tion between her teaching strategies and the task—the undivided irregular shapes (33).

Besides contextualizing, the TE uses more types of contributions to push the discus-
sion forward. For example, following Katia’s interpretive talk-turn 33, the TE pressures and
validates the participants’ analysis (turns 34, 36). Then Sophia and Orestis offer alternate
explanations (Fig. 8).
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Note: This figure shows the TE’s contributions in extract 4 together with the quality of the different PTs’
turns. By including the information in Figure 3 with the TE’s contributions, it illustrates the TE’s role
(dashed lines) in prompting the discussion around the CI.

Fig.7 TE’s contributions in extract 4 together with the quality of the different PTs’ turns

In this part of the discussion, the TE has a few contributions—pressing (turn 34), vali-
dating (turn 36), and offering explanation (turn 41)—and the PTs carry out the discussion
with few inferences from the TE’s. Hence, in terms of the discussion evolution, we see that
in the beginning, the PTs stay close to the classroom observations either from the CI script
or their own observation in the classroom. Then, due to the TE’s various types of contribu-
tions, they start to detach from the classroom as a source, moving forward with the analysis
and making more connections between students’ learning and teaching.

33  Katia:
34 TE:

35  Sophia:
36 TE:

37  Orestis:

Yes, I didn't want to put... At first, I thought putting some [numbers on the]
sides, to give some numbers myself. But I saw that if I gave some numbers, I had to
break it up somehow. That is, the heights would not come out as they should, if I gave
the sides around...

Why did this activity work? Why really?
It invites the students to get involved and act on their own, they need to react!
Nice! Yes;
Because it built on something they knew and could do. They have a number. Now,
they could go further. They could do it, and they weren’t far off from what they could
do, so they found it interesting.

Fig.8 The TE’s contributions that support the PTs in carrying out their analysis
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Summarizing, throughout the discussion the TE provides various contributions to
prompt the discussion’s quality. Particularly, the TE’s contextualization brings descriptive
details through which the discussion around the CI evolves. In a way, it functions similarly
to the participants’ descriptive turns.

5 Discussion

This paper explores the characteristics and evolution of PTs’ noticing of students’ math-
ematical thinking during reflective discussions triggered by ClIs they chose in a fieldwork-
based university course, while considering the TE’s role. We answered three research ques-
tions: (1) what characterizes the PTs” noticing of students’ thinking during the reflective
discussions; (2) how the PTs’ noticing of students’ mathematical thinking evolves during
these discussions; and (3) what is the TE’s role in these discussions.

The first question takes the cognitive-psychological perspective of noticing and exam-
ines the PTs’ individual noticing. The findings reveal that the PTs mostly provided con-
tributions in which their reflection was interpretive and descriptive while making links
between students’ activity and (1) teaching practices, (2) the students’ cognitive aspects,
and (3) the mathematical content. Further, they did so while using various sources as evi-
dence to support their reflection, with mainly classroom evidence, including the CI itself,
and their prior educational experience as students.

For the second question, to grasp the process in which the PTs’ noticing develops in the
interaction, we use socio-cultural methodological approaches (Bragelman et al., 2021) and
show the discussion’s evolution. Indeed, the PTs’ noticing evolves through and by the inter-
action where different PTs express their individual noticing. The social and cultural context
of the discussion enables them to build on each other’s talk-turn and construct a shared
meaning of the CI (Section 4.2). The findings indicate the importance of descriptive talk-
turns in the discussions. By searching for more details about the CI (descriptive turns), the
PTs seemed to understand the phenomenon better. So, their analysis evolves and introduces
evaluative, interpretive, alternate explanations, and questioning talk-turns. Further, most of
these interpretive, alternate explanations, and questioning talk-turns included links between
the students’ activity and different aspects of learning and teaching mathematics.

For the third question, the study also shows the TE’s various contributions when forming
a community of inquiry (Jaworski, 2006). The TE’s four most prominent contributions are
offering explanation, pressing, contextualizing, and clarifying through which she facilitated
the discussions’ evolution in terms of quality, links, and sources. We suggest that the TE’s
contributions such as contextualizing and pressing enable the discussions’ evolution. Indeed,
by contextualizing the CI, the TE brings more of the CI’s details into the discussion, trigger-
ing the PTs to move into interpretive, alternate explanation, and questioning talk-turns while
making links and using sources to discuss students’ mathematical thinking. In a way, the TE’s
contextualizing functions as the PTs’ descriptive turns, which triggers the PTs to deepen their
analysis. We see this as another indication of how the TE’s individual contributions, combined
with other participants’ comments, influence the process by which the PTs’ noticing evolves.

Most studies that have examined teachers’ noticing of students’ thinking utilize videos to
facilitate the teachers’ noticing (e.g., Amador, Bragelman, et al. 2021; Roth McDuffie et al.,
2014), suggesting that the video offers a shared view of the classroom. Here, we suggest a
different structure by using authentic CIs identified by PTs in fieldwork activities. It can be
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claimed that the descriptive talk, whose role is emphasized in the study’s findings, is meant to
support the participants’ shared viewpoint of the classroom context. However, even when all
the participants watch the same video, they might attend to different things (Star & Strickland,
2008). Furthermore, recent theoretical and empirical works argue that noticing, as a general
construct, is affected by the teacher positioning and sense-making of the CI (Scheiner, 2021;
van Es & Sherin, 2021). Thus, we argue that our analysis of both PTs and TE’s contributions
shows the evolution in which descriptive talk supports further reflection, which in turn stresses
the importance of reconstructing the CI while using as many details as possible to enable
nuanced reflection (e.g., Carpenter et al., 1999; Coles, 2013; Sherin & Star, 2011).

Further, most frameworks used to explore, measure, and foster teacher noticing perceive
descriptive talk as the lower level of noticing (e.g., Jacobs et al., 2010; van Es, 2011). Such
frameworks thus imply a hierarchy between noticing levels in which previous levels of notic-
ing should be accomplished before moving into higher levels. Following this view, researchers
have claimed that PTs’ development of noticing is shown by indicating shifts into higher levels
of interpretations (e.g., Bragelman et al., 2021). We argue that our results show that noticing
levels are not linear in the sense that after describing the students’ thinking in the CI, the PTs
can move into more nuanced reflection. The PTs have to go back and forth to the details of the
CI to generate their further reflection. Hence, we see this study’s theoretical contributions to
the theory of teacher noticing: it provides further empirical results to the descriptive talk role
as a vehicle for more profound reflection and adds to the accumulated knowledge supporting
contemporary views of the non-linearity of noticing (Scheiner, 2021; van Es & Sherin, 2021).

Further, our study coordinates the cognitive-psychological and the socio-cultural per-
spectives in a unique structure where the PTs identify CIs (cognitive-psychological per-
spective). Each PT shares a CI in the discussion where their individual noticing is shaped
by the community and vice versa (socio-cultural perspective). At the same time, we explore
the characteristics and evolution of their noticing. Thus, our study provides one possible
variation for a structure that coordinates individual teacher noticing and the community’s.
This demonstrates possible ways collective noticing evolves (Amador, Wallin, et al. 2021)
when considering the different participants’ positioning (Scheiner, 2021).

Our study also has methodological and practical contributions. From a methodological
perspective, our research provides modified frameworks of noticing students’ mathematical
thinking that combine the PTs’ reflective talks (van Es, 2011) with the TEs’ role (van Es
et al., 2014). Moreover, Bragelman et al.’s (2021) methodological approaches allowed us to
demonstrate the interplay between the PTs’” and the TE’s talk-turns, showing the development
of the community of inquiry throughout the reflective discussions. To the best of our knowl-
edge, the relationship between the TE and PTs in the context of students’ noticing has previ-
ously only been reported once (Bragelman et al., 2021). Our combination of van Es’ (2011)
and van Es et al.’s (2014) frameworks to explore the relationship between PTs’ reflection and
the TE’s role can be used by other researchers who wish to use authentic CIs to study profes-
sional noticing and community of inquiry growth. This can be achieved in contexts other than
our own, such as in-service teachers’ professional development programs. From a practical
perspective, teacher educators can develop a community of inquiry using CIs in their math-
ematics teacher education courses. In particular, they can use the structure presented here, as
well as the combined frameworks of this study (van Es, 2011; van Es et al., 2014) to facilitate
discussions around ClIs identified during fieldwork activities.

Although this study provides evidence of the underrepresented, yet important issue of
how individual teacher noticing is shaped by the community and vice versa, it has some
limitations. First, after almost each PT’s talk-turn, the TE responded (Table 3, Fig. 7). Fur-
ther, not all participants participated in all the discussions around each CI (see the example

@ Springer



90 S.-H.Rotem et al.

in Section 4). The characterization and evaluation of the discussions could have been dif-
ferent if all participants had participated more frequently. We assert that this requires more
exploration of the TE role and considering how TEs can prompt the PT’s participation and
engagement to foster even more in-depth reflections by PTs.

Second is the variation in the setting from which the PTs identify the CIs. Some come
from observing lessons, some from small group teaching, and others from teaching the
whole class. This variation did not allow us to make conclusions about how the setting
from which the PTs identify the CI and the discussion evolution are connected. However,
this setting reflects the complexity of the authentic nature of fieldwork activities. Thus, we
point to the need for more explorations into how researchers and teacher educators, can
better support PTs in this complex setting of authentic fieldwork activities composed of
various experiences. Specifically, future investigations could explore how PTs can be sup-
ported to bring more research findings as evidence and link students’ activity with research
findings they learned in university courses.

Appendix
Examples of data analysis

Here we use an example to illustrate phase 2 data of the analysis process. We exemplify
this using Katia’s and the TE’s turns taken from extract 4 used as an example in Section 4.
Figure 9 shows turns 7-10 of the extract.

We coded the complete turn 7 as quality-interpretive, links-teaching practice, and
sources-classroom evidence. We demonstrate how we coded this turn, using the schemes
presented in Tables 4 and 5. For convenience, we segmented Katia’s words with numbers
in brackets. Nevertheless, in the analysis, it was treated as a single unit.

In this turn, Katia tries to explain the diversity of student answers to the task. In seg-
ments [1], [3], and [4], she reasons why this could happen: the students worked hard
during the lesson [1]; they worked freely, without guidance [4] which allowed them to
calculate the areas of the two figures in different ways. Katia links what the students did
to her teaching practice. She claims that the reason for the students’ diverse approaches
is because she gave the time to work [2] without guidance [6]. Further, she supports her

7 Katia: [1] I think everyone worked hard enough... Especially in the 1% task [2], where we

gave them more time. [3] And they tried to calculate it. [4] I thought that if we let the
students work freely, they will bring very different things, [5] because we had given
them nothing! Just a ruler!... [6] So, if we don't guide them, we can see exactly how
they think. [7] They measured and added all the sides together and saw that it didn’t
work. Then they considered breaking it into pieces and measured the height and other
dimensions...

TE: In the discussion!

Katia: Yes

In the discussion! After you have worked through the problems.

O oo

Fig.9 Turns 7-10 from extract 4
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Table 11 van Es et al.’s (2014) modified framework for TE’s contributions

TE’s contributions

Examples from our data

Launching
Contextualizing
Highlighting

Lifting up

Pressing
Offering an explanation

Countering

Clarifying

Redirecting

Pointing to evidence

Connecting ideas

Standing back

Distributing participation

“And what do you say, huh?” (E4T6)*
“Is this a classroom lesson?”” “Among how many children?” (E4T2; E4T4)

“And I also see at the discussion level that some interesting topics have arisen
from a mathematical point of view. The children question ‘which shapes are
irregular?’ and ‘what does it mean irregular?’ ...” (E4T23)

“...he remembers! It may just be a recall. Let’s discuss further the cognitive
actions he does over here and his mathematical activity.” (E2T58)

“Why don’t you like this answer?” (E2T46)

“Looks like the kids... were concerned about the area of the trapezium that
was visible in there...” (E4T25)

(PT saying: “I believe that Dimitra belongs to the group of students who are
... although do have to study a lot, can think more globally and deeply.”)

TE: “We could hypothetically say that perhaps Dimitra’s knowledge is more
formal than Demetris’ knowledge. But it does not mean that it is always that
the formal knowledge is also deeper.” (EST14)

(PT saying: “Of course, what he says is not correct, i.e., he just remembers
something about the rest.”)

TE: “Right. He remembers something about the remainder, again conceptually
and says, ‘I remember something: remainder, quotient, smaller...””” (E2T37)

The TE reads from the CI script: “...“The mind as a tool is fine.” ‘Fine! We
have learned something maybe in the 1st chapter.” What references does the
teacher make here?” (E2T24)

“So here it seems at this point that the student gives a correct answer. But the
teacher does not want to see only this” (E2T8)

The TE connects several PTs’ interpretations with research “Here we could
say that the guidance itself... gives some hints which help the student to
recall, to make a connection on one level of course... We don’t know if it
goes deeper. We might also see things that perhaps were discussed theoreti-
cally in the course Mathematics Education I about Vygotsky and the zone of
proximal development... (E3T22)

Such an example can be found in extract six after the TE’s turn (14), and then
the discussion continues without The TE’s intervention.

The TE and Katia discussed the incident. Then the TE asks: “What do you
say? What do you have to observe? What do you ask?” After this, Leonidas
starts participating in the discussion. (E4T14)

Validating participant ideas “Nice! Yes.” (E4T36)

“Brackets refer to the extract number and the talk-turn for the data set. For example, E4T6 means that the
example is taken from talk-turn 6 in extract 4

reflection with evidence from the classroom. She articulates different student approaches
[7] and says she provided only a ruler as evidence that she did not guide them [5].

Then in turns 8 and 10 the TE contextualizes (Table 6 in Section 3.3 and Table 11)
Katia’s interpretation by suggesting additional information about when things happened
in Katia’s CI. Table 11 depicts van Es et al.’s (2014) framework as we refined it with
further examples from our data.
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Data availability Unfortunately, in order to protect the privacy of the study’s participant, our data cannot be
shared openly.
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