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Hypoellipticity 1
Definition
A linear differential operator

D : C8pMq Ñ C8pMq

is hypoelliptic if, for every distribution u

Du smooth ñ u smooth

§ Bx on R is hypoelliptic but on R2 isn’t.

Sobolev’s lemma
Consider the Hilbert spaces

§ H0pMq “ L2locpMq

§ Hk`1pMq “ tf P HkpMq : Bx1pfq, . . . , Bxnpfq P HkpMqu

Then
C8pMq “

č

kPN
HkpMq
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Hypoellipticity 2

Let ϕ : N Ñ N with ϕpkq Ñ `8 as k Ñ `8.
If, for any distribution u,

Du P HkpMq ñ u P HϕpkqpMq

Then Sobolev’s lemma implies D is hypoelliptic.

Observation: If D has order ℓ then ϕpkq ď k ` ℓ.

Definition
If ϕpkq “ k ` ℓ then D is elliptic.

Corollary
Every elliptic operator is hypoelliptic.
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Elliptic regularity
Theorem (Kohn, Nirenberg, Hörmander,...)

Let D be of order ℓ on M. TFAE:
§ for any k P N and any distribution u,

Du P HkpMq ñ u P Hk`ℓpMq

§ for any px, ξq P T˚Mzt0u, σDpx, ξq ‰ 0.
If M is compact, the above is equivalent to

§ for any k P N, D : Hk`ℓpMq Ñ HkpMq is Fredholm.

Example: Kolmogorov’s operator on M “ R2

D “ B2
x ` x2B2

y

D not elliptic, but hypoelliptic.

Proof: Hoermander’s “sums of squares theorem”. Uses calculus of
variations...
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Folland and Stein Sobolev spaces (’70s)
§ H̃0pR2q “ L2locpR2q

§ H̃k`1pR2q “ tf P H̃kpR2q : Bxpfq, xBypfq P H̃kpR2qu

We have
rBx, xBys “ By

So H̃2pR2q Ď H1pR2q. By recurrence

H̃2kpR2q Ď HkpR2q

whence
č

k

H̃kpR2q “
č

k

HkpR2q “ C8pR2q

Theorem (Folland and Stein) D “ B2
x ` x2B2

y

For any u and any k, Du P H̃kpR2q implies u P H̃k`2pR2q.

Maximal hypoelliticity, heuristically
D is maximally hypoelliptic, if we can find Sobolev spaces such that
D satisfies the best possible regularity condition.
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General Sobolev spaces

Take vector fields X1, . . . ,Xm and define:
§ H̃0pR2q “ L2locpR2q

§ H̃k`1pR2q “ tf P H̃kpR2q : X1pfq, . . . ,Xkpfq P H̃kpR2qu

For a Sobolev lemma we need Hörmander’s condition:

For any x P M,

Xipxq, rXi,Xjspxq, rrXi,Xjs,Xkspxq, . . .

spans TxM.
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Main theorem
Theorem (A, Omar Mohsen, Robert Yuncken)

Let X1, . . . ,Xm vector fields on M, satisfying Hörmander’s condition
and D an order ℓ differential operator. TFAE:

1 for any k P N and distribution u,
Du P H̃kpMq ñ u P H̃k`ℓpMq

2 for any x P M, π P T˚
x Ď pGx (set of unitary irreducible

representations), σ̃pD, x,πq is invertible.
If M is compact, the above is equivalent to

3 for any k P N, D : H̃k`ℓpMq Ñ H̃kpMq is left invertible
modulo compact operators.

Until 2022 a conjecture by Helffer and Nourrigat (1979). In 1985
they proved p1q ñ p2q (full generality) and p2q ñ p1q when Gx has
rank 2. Special cases (sums of squares and their powers) proved by
Rothschild and Stein (1976).
We say D is maximally hypoelliptic if it satisfies the above.
Obviously, maximally hypoelliptic implies hypoelliptic.
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Group Gx: Algebraic construction

F1 “ C8pMqX1 ` . . . ` C8pMqXm

F2 “ F1 `
ÿ

i,j

C8pMqrXi,Xjs

F3 “ F2 `
ÿ

i,j,k

C8pMqrrXi,Xjs,Xks

...

FN “ XpMq

Localization: Fi

IxFi where Ix “ tf P C8pMq : fpxq “ 0u

Get graded nilpotent Lie algebra:

gx “ ‘N
i“1

Fi

Fi´1 ` IxFi

Gx is the simply connected nilpotent Lie group which integrates gx.
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Group Gx: Explanation of algebraic construction

Consider the Lie filtration

F1 Ď F2 Ď . . . Ď FN “ XpMq, rFi,Fjs Ď Fi`j

Associated grading: grpFq “ F1 ‘ F2

F1 ‘ . . . ‘ FN

FN´1

Localization at x:
gx “

grpFq

IxgrpFq

Example

F1 “ xBx, xByy Ď F2 “ xBx, Byy

gpx,yq “ R2 if x ‰ 0 and gp0,yq “ R3.

Gpx,yq “ R2 if x ‰ 0 and Gpx,0q “ H3 (Heisenberg group).
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Group Gx as holonomy
On M ˆ R we have the singular foliation:

F “ tF1 ` t2F2 ` . . . ` tNFN

Lie algebra:

gx “
F

Ipx,0qF

Holonomy groupoid:

HpFq “

˜

ď

xPM

Gx ˆ t0u

¸

ž

pM ˆ M ˆ R˚q−Ñ−ÑM ˆ R

Theorem A, Skandalis
HpFq has a C˚-algebra C˚pFq. At t “ 0 it is the field of C˚-algebras
C˚pGxq. On R˚ it is KpL2pMqq.

Observation
C˚pFq is not a continuous field of C˚-algebras over R.
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Order of a differential operator

Any differential operator can be written PpX1, . . . ,Xmq where P is a
noncommutative polynomial. That’s thanks to Hörmander’s
condition and the fact that

rXi,Xjs “ XiXj ´ XjXi

is a polynomial in Xi,Xj.
Definition
The Hörmander order of D is the minimum degree of P such that
D “ PpX1, . . . ,Xmq.

Remark: Hörmander order ą classical order
Example

Take D “ B2
x `x2B2

y. Then Bx and xBy have Hörmander order 1 but
By has Hörmander order 2.
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Order of a differential operator
Another example: X “ x2Bx, Y “ xBx, Z “ Bx. Filtration

F‚ : xXy Ď xYy Ď xZy

Put D “ XZ ´ Y2. Order:
§ In F‚, ordpXq “ 1,ordpZq “ 3,ordpYq “ 2, so

ordpXZ ´ Y2q “ 3.

§ Calculation: D “ ´Y. So D has Hörmander order 2.

§ The group at zero is R3.

Proposition
If D has Hörmander order ℓ, then for any k,

D : H̃k`ℓpMq Ñ H̃kpMq

is bounded.
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Principal symbol
Let π : Gx Ñ BpHq irreducible unitary representation. Derivative

dπ : gx Ñ pC8pπqq

where C8pπq are the smooth vectors. (In L2, Schwarz functions.)
Definition
The symbol of D “ PpX1, . . . ,Xmq is

σ̃px,D,πq “ Phighest´Hoerm´orderpdπpX1q, . . . ,dπpXmqq

Remark: If gx “ TxM then π “ eix¨,ξy, so dπpXq “ iξpXq.

Theorem A-Mohsen-Yuncken

There is T˚
x Ď Ĝx such that σ̃ is well defined for every π P T˚

x.

We call T˚
x the Helffer-Nourrigat tangent cone.

Proposition (Helffer-Nourrigat, A-Mohsen-Yuncken)

T˚
x is closed under coadjoint orbits.



14/21

First explanation for T˚
x: Differential operators of the

filtration
Recall PBW isomorphism for Lie groupoid G−Ñ−ÑM

The following maps are isomorphisms:
§ UpAGq Ñ ΓpSymmpAGqq,D ÞÑ σpτpDqq

§ τ : UpAGq Ñ DiffpGq

Given F‚, consider smallest filtration:

0 Ď C8pMq Ď DiffF1pMq Ď . . . Ď DiffFN´1pMq Ď DiffpMq

such that Fi Ď DiffFipMq and
§ DiffFipMqDiffFjpMq Ď DiffFi`jpMq

Formal symbols: Σi “
Diff

Fi pMq

Diff
Fi´1 pMq

. (C8pMq-module.)

Symbol map for every p P M:

DiffFipMq
σi
p−Ñ

DiffFipMq

DiffDi´1pMq ` IpDiffFipMq
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First explanation for T˚
x: Differential operators of the

filtration

Example: M “ R, F1 “ xx2Bxy, F2 “ xBxy. Take P “ xBx.

σ2p : DiffF2pRq Ñ
DiffF2

pRq

DiffF1pRq ` IpDiffF2pRq

§ P lives in I0DiffF2pRq, so σ20pPq “ 0.
§ About p ‰ 0 we can divide by x and x2, so rhs vanishes.

Conclusion: σ2ppPq “ 0 for every p, but P R DiffF1pMq.

Note:

Gp “

"

R ‘ 0,p ‰ 0
R ‘ R,p “ 0
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The issue with the order of P in the filtration

Surjective map: UpgrpF‚qq Ñ ‘iΣ
i. Localization at p:

UpgrpFqpq Ñ ‘i
DiffiFpMq

Diffi´1
F pMq ` IpDiffiFpMq

(1)

Does principal symbol at p live in UpgrpFqpq? Namely, is the
natural surjection above injective?

No!

Reason: Singularities! Injective when F‚ constant rank.

Helffer-Nourrigat tangent cone T˚
p (algebraic):

Representations of Gp which vanish on ker of (1)
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The topological viewpoint of the Helffer-Nourrigat tangent
cone

Singular foliation pM,Fq ; locally compact space F˚ “
š

pPM F˚
p.

Adiabatic foliation pM ˆ R,Fq:

F˚ “ pT˚M ˆ R˚q \

˜˜

ď

pPM

g˚
p

¸

ˆ t0u

¸

Singularities ; T˚M ˆ R˚ not dense in
``

Ť

pPM g˚
p

˘

ˆ t0u
˘

.

Helffer-Nourrigat tangent cone T˚
p:

1 Definition: T˚
p “ π´1pM ˆ R˚q X g˚

p Ď g˚
p

2 Ad˚-invariant. Orbit method implies T˚
p closed subset of

unitary dual pGp.
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The topological viewpoint of the Helffer-Nourrigat tangent
cone: Calculation method

Orbit method says

Irreducible unitary representations of Gp correspond bijectively to
Ad˚pGpq-orbits in g˚

p

An element π lives in T˚
p if there exists tn P R˚

` and xn P M and
ξn P T˚

xn
M such that xn Ñ p, tn Ñ 0 such that:

Recall

gx “ ‘N
i“1

Fi

Fi´1 ` IxFi

For π “ pπ1, . . . ,πNq we have:
§ for every i, π1pXiq “ limn tnξnpXipxnqq

§ for every i, j πiprXi,Xjsq “ limn t2nξnprXi,Xjspxnqq

§ for every i, j,k...
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The topological viewpoint of the Helffer-Nourrigat tangent
cone: Examples

§ (Mohsen) T˚
p is the Helffer-Nourrigat characteristic set.

§ If p regular point, T˚
p “ g˚

p.

§ M “ R and

F1 “ xx2Bxy Ď F2 “ xxBxy Ď F3 “ XpRq

Then

Gp “

"

R ‘ 0 ‘ 0,p ‰ 0
R ‘ R ‘ R,p “ 0

We find the cone

T˚
p“0 “ tpξ1, ξ2, ξ3q : ξ1ξ3 “ ξ22u
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Example
Start from Bx, xkBy in R2 and descend to S1 ˆ S1: Bx, psinpxqqkBy.
Consider the operator

D “ pB2
x ` ppsinpxqqkByq2q

k`1
2 ` igpx,yqBy

where g : S1 ˆ S1 Ñ R smooth and non-vanishing. Hörmander
order is k ` 1. Symbol:

§ If sinpxq ‰ 0, Gpx,yq “ Tpx,yqM and our symbol is the classical
symbol.

§ If sinpxq “ 0 the Lie algebra of Gx is generated by

Bx, x
kBy, x

k´1By, . . . , By

with Lie bracket

rBx, x
jBys “ jxj´1By

The two representations π˘ : Gx Ñ BpL2Rq are:

Bx ÞÑ pf ÞÑ Btfq

xjBy ÞÑ pf ÞÑ ˘itjfq
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Example

Evaluating D at π˘ gives

pB2
t ´ t2kq

k`1
2 ¯ gpx,yqidL2R

Schrödinger type operator, compact resolvent, diagonalisable, so:

D and D˚ maximally hypoelliptic iff

gp0,yq,gpπ,yq R specpB2
t ´ t2kq

k`1
2

(If k “ 1 this is a harmonic oscillator.)

Thank you!


