
Marilena Mitrouli 



Motivation for the problem 

 Evaluation of xTA-1y  

A: a real nonsingular matrix of order p 

x, y: real vectors of length p 
 

Estimates for the quantities: 

  Elements of the matrix A-1 

  The trace of the matrix A-1    

 

Applications: 

  Networks analysis 

  Signal processing 

  Nuclear physics 

  Quantum mechanics  

  Computational fluid dynamics 

 



Estimates for xTA-1y via an 
extrapolation procedure 

 

 Estimates for xTA-1x 
 

SVD of A:   A = UΣVT =  𝜎𝑘𝑢𝑘𝑣𝑘
𝑇𝑝

𝑘=1  

Moments of A: 

c2n(x) = (x,(ATA)nx),  c2n+1(x) = (x,A(ATA)nx), n≥0 

c2n(x) = (x,(AAT)nx),  c2n+1(x) = (x,AT(AAT)nx), n≤ 0 
 

c-1(x) = (x,AT(AAT)-1x) = (x, A-1 x) =  

 𝜎𝑘
− 1(𝑥, 𝑣𝑘)(𝑥, 𝑢𝑘)𝑘  =  𝜎𝑘

− 1𝑎𝑘𝑏𝑘𝑘  



  

 One term estimates 

c-1 = (x,A-1x) ≈ s-1αβ 

s, α and β are determined by the interpolation conditions  

c0 = α2,  c0 = β2 

 c1 = sαβ,  c2 = s2α2   
 

Family of one term estimates for the moment c-1 

eν = c0
ν+2c1

-2ν-1c2
ν,  ν∈R 

  eν=ρνe0, eν=ρ eν-1, where ρ = c0c2/c1
2,ν ∈R  

non decreasing function of ν∈R for c1>0  

non increasing for c1<0  



  

 

 

Lemma  

 Let A∈Rpxp be a positive real matrix i.e. (x,Ax)>0, ∀ x≠0. 

• There exists a value ν0 given by  

ν0 = 
log(𝑐−1

/𝑒
0
)

log(𝜌)
,  ρ = c0c2/c1

2, 

 such that eν0 
= c-1.  

• It holds that ν 0 ≤ 
log(𝑐

1
/(𝑐

0
𝜎

𝑝
))

log(𝑝)
, 

 σp: the minimum singular value of the matrix A∈Rpxp. 



  

 Two term estimates 

c-1 = (x,A-1x) ≈ 𝑒 ν = s1
-1α1β 1 + s2

-1α2β2 

 

 

Family of two term estimates for the moment c-1 

𝒆 ν = e0 + 
𝒄
𝟎
𝒄
𝟐
−𝒄

𝟏
𝟐

𝒄
𝟏

 
𝒄
𝒐
𝒄 
𝝂+𝟐

−𝒄
𝟏
𝒄
𝝂+𝟏

𝒄
𝟏
𝒄
𝝂+𝟑

−𝒄
𝟐
𝒄 
𝝂+𝟐

, ν∈ℕ  

e0: the one term estimate for ν =0.  



  

 Estimates for xTA-1y 

For x ≠ y,  

      we define the bilinear moment  

c-1(x,y)=(x,A-1y) 

       polarization identity  

xT(ATA)-1u = 
1

4
(wT(ATA)-1w - zT(ATA)-1z),  

where u=ATy, w=x+u and z=x-u 

       we set the moments gn(x) = (x,(ATA)nx), n∈ℤ 

 

c-1 (x,y) = 
𝟏

𝟒
(g-1(w)-g-1(z)) 



  

 Estimates for symmetric matrices 

 

A∈Rpxp a symmetric matrix 
 

    one term                        lower bound of (x,A-1x)  

   estimate e0             Gauss quadrature - one Lanczos iteration 

 

   two term                        lower bound of (x,A-1x)  

  estimate 𝑒 0             Gauss quadrature - two Lanczos iterations 

 



  

Proposition 

Let A∈Rpxp be a symmetric positive definite matrix. It holds 

that  

0 ≤ ν0 ≤ 
log(𝑚)

log(𝜌)
,  

where m = 
1+𝜅 𝐴 2

4𝜅(𝐴)
 and κ(A) is the spectral condition 

number of A. 

 



Estimates for the elements of the 
matrix A-1 

A = [αij] ∈Rpxp i, j = 1, …, p 
 

 

Proposition 

The families of one term estimates for the diagonal 

elements of the matrix A-1 are  

(A-1)ii ≅ ρν 1

𝛼
𝑖𝑖

,   ρ = 
𝑠
𝑖

𝛼
𝑖𝑖
2   or  (A-1)ii ≅ 𝜌 ν 

1

𝛼
𝑖𝑖

,   𝜌  = 
𝑠 
𝑖

𝛼
𝑖𝑖
2,   ν∈R, 

where si =  𝑎𝑘𝑖
2𝑝

𝑘=1  and 𝑠 i =  𝑎𝑖𝑘
2𝑝

𝑘=1 . 



  

Proposition 

The one term estimates for the elements of the matrix  

A-1, using the one term estimates e0 are 

(A-1)ii ≅ 
1

𝛼𝑖𝑖

, 

(A-1)ij ≅ 
1

4
 (

𝑠 
𝑗
+2𝑎𝑗𝑖+1 2

 𝑠𝑡𝑗+𝑎𝑡𝑖 2𝑝
𝑡=1

 - 
𝑠 
𝑗
−2𝑎𝑗𝑖+1 2

 −𝑠𝑡𝑗+𝑎𝑡𝑖 2𝑝
𝑡=1

), 

where stj =  𝑎𝑡𝑘𝑎𝑗𝑘
𝑝
𝑘=1  and 𝑠 j =  𝑎𝑗𝑘

2𝑝
𝑘=1 . 

 



  

 Estimates for the elements of symmetric 

matrices 
 

  one term estimate:    

(A-1)ij ≅ 
−4𝑎𝑖𝑗

𝑎
𝑖𝑖
+𝑎𝑗𝑗 2−4𝑎𝑖𝑗2 ,  i≠j 

(A-1)ii ≅ 
1

𝛼
𝑖𝑖

            lower bound of (A-1)ii - Gauss quadrature  

                                                     - one Lanczos iteration 

 

 two term estimate:  

𝑒 0 for x=δi            lower bound of (A-1)ii - Gauss quadrature  

                                                     - two Lanczos iterations 



Family of estimates for the trace 
of the matrix A-1 

 A ∈Rpxp a nonsingular matrix 

 M = 
1

2
(A-1 + A-T) = 

1

2
((ATA)-1AT+A(ATA)-1) symmetric 

Tr(M) = Tr(A-1) 

 Moments:  

dn = dn(x) = (x, (((ATA)nAT+A(ATA)n )/2)x), n=-1,0,1,... 

dn =  𝜎𝑘
2𝑛 + 1𝑎𝑘𝑏𝑘

𝑝
𝑘=1  

 

s2=d0
-ν/2-1d1

ν+1d2
-ν/2, ν∈R  

d-1 ≅ s-4d1              tν = d0
ν+2d1

-2ν-1d2
ν ≅ d-1 , ν∈R 



Implementation and numerical 
examples 

  Computational complexity of the estimates 
 

 

 

 

 

 

 

 

 

 
 

 

Arithmetic operations for the estimation of the moment xTA-1x. 
 

 

 

 

 

Arithmetic operations for the estimation of the bilinear form xTA-1y. 

Matrix A e0 Eν 𝒆 ν 𝒆 ν 

nonsymmetric O(3p2) O(5p2) O(9p2) O((2ν+7)p2) 

Matrix A eν 𝒆 ν 𝒆 ν , ν even 𝒆 ν , ν odd 

Dense O(p2) O(2p2) O((ν+3)p2) O((ν+2)p2) 

Symmetric 
dense 

O(p2) 
 

O(p2) O((ν/2+2)p2) O((ν/2+3/2)p2) 

Banded O(qp) O(2qp) O((ν+3)qp) O((ν+2)qp) 

Symmetric 
banded 

O(qp) 
 

O(qp) 
 

O((ν/2+2)qp) 
 

O((ν/2+3/2)qp) 



  

  Monotonic behavior of the one term estimates 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Estimating the diagonal of the inverse of grcar matrix of 
order 4000. 

 

Grcar matrix: 
 

 Toeplitz 
 

 well 
conditioned,  
κ(Α)=3.6277 

 

 First 50 
diagonal 
elements 

 

 e-0.75 good 
estimate 
 

 eν increases 
as ν 
increases 


